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Abstract 



The nature of M-theory on K3xX, where X is a line interval, is considered, with a view 
towards formulating a "matrix theory" representation of that situation. Various limits 
of this compactification of M-theory yield a number of well known M=l six dimensional 
compactifications of the heterotic and type I string theories. Geometrical relations between 
these limits give rise to string/string dualities between some of these compactifications. At 
a special point in the moduli space of compactifications, this motivates a partial definition 
of the matrix theory representation of the M-theory on i^TSxX as the large limit of a cer- 
tain type lA orientifold model probed by a conglomerate of D-branes. Such a definition 
in terms of D-branes and orientifold planes is suggestive, but necessarily incomplete, due 
to the low amount of superymmetry. It is proposed — following hints from the orientifold 
model — that the complete matrix theory representation of the X3xX compactified M- 
theory is given by the large N limit of compactification — on a suitable "dual" surface — 
of the "little heterotic string" M—l six dimensional quantum theories. 
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1. Motivation and Background 

1.1. Compactifying M-Theory 

Consider the case of M-theory compactified on the surface K3xl, where T is a line inter- 
val of length L. Consistent compactification[0 requires the introduction of 24 M5-branes, 
transverse to the X3xX, in order to cancel the resulting chiral anomaly in the six dimen- 
sional transverse space IR^. The anomaly owes its presence to essentially the curvature 
of K3, which has Pontryagin number 24 in the appropriate units. Put another way, i^TS's 
curvature produces 24 units of magnetic A^^') charge in the background, which may be can- 
celed by the 24 units of magnetic charge of the M5-branes0, M-theory 's basic dynamical 
magnetic A'^'^-' charge carriers at low energyS. 

As is now standard lore, in the Horava-Witten limit (L— ^0), this compactification of M-- 
theory yields a discrete family of compactifications of the EgxEg heterotic string on K3. 
The resulting (ten dimensional) heterotic string coupling is related to the interval size as 

There are two distinct categories of heterotic vacua obtained in this way. The first is 
"ordinary" heterotic string vacua, where all of the massless spectrum can be accounted 
for in string perturbation theory. Choices made for the distribution of M5-branes trans- 
late directly into the choice of embedding ni of the instantons in one Eg and the other 
712=24—77.1 into the second E^. This corresponds, in M-theory, to the partitioning of the 
transverse M5-branes such that there are ni at one endpoint of the interval X, and 77-2 at 
the other, before taking the heterotic limit. 

There are also heterotic string vacua with tlt massless states in their spectrum which 
transform as tensors. The chiral anomaly can allow them as long as ni+n2+nT=24. 
These are not to be understood as completely perturbative heterotic vacua, but ones which 
contain contributions from non-perturbative effects which make their presence felt all the 
way down to the weak coupling limit. In M-theory (L^O), this seemingly mysterious 
statement is realized explicitly in terms of making the choice (ni,n2) for the numbers 
of M5~branes at the respective ends of the interval, while soaking up the rest of K3^s 
curvature-induced magnetic A^^'^ charge with nr M5-branes in the interior. The tensor 
massless degrees of freedom living one on each M5-brane world volume, are now free to 
contribute to the overall spectrum. In taking the stringy limit, that arrangement yields 
this distinct second class of heterotic string vacua. 

In both cases, the heterotic string itself arises from wrapping the M2-brane[§] on the 
interval X, the boundary of the brane giving a string in the transverse space. M-theory 
details completely independent of L [i.e., residing on the ends of the interval where the 

^ Here, A^^^ denotes the three-form potential of eleven-dimensional supergravity, the low energy 
limit of M-theory. 
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boundary of the M2-brane lives) like the instantons, become identifiable as perturbative 
string physics in the L— i>0 limit. Meanwhile, M-theory physics of the bulk (which is also 
the bulk of the M2-brane) is not perturbatively described in the limit. 

1.2. The DMW Point: Heterotic/Heterotic Duality 

Turning back to the nT=0 cases, it is known[Q that there is one special case where there 
exists a different heterotic limit. One first performs an eleven dimensional electromagnetic 
duality operation with respect to A^^\ This necessarily involves the exchange of the M2- 
brane with an M5-brane oriented with four of its directions on K3, and one in the H^. 
(It therefore contributes nothing to the anomaly mentioned earlier.) Sending the volume 
of the K3 to zero results in a string in IR^ which is the heterotic string. 

There is actually only one way to do this geometrically 0, and this is for choice (12, 12) 
distribution of the transverse M5-branes. Only then can the K3 be seen to support no 
residual magnetic charge in bulk and therefore be consistently shrunk away to zero with 
an M5-brane wrapped on it!. 

That is the eleven dimensional geometrical origin of heterotic/heterotic duality in six 
dimensions, defining the special Duff-Minasian-Witten point in the moduli space of 
EsxEs heterotic string K3 compactifications. This is the (long anticipated |]5[) Af=l 
string/string duality in six dimensions which is a natural ancestor of A/'=2 string dual- 
ity in four dimensions. 

1.3. Relation to the GP Model 

Fortuitously, there exists yet another duality (discussed by Berkooz, Leigh, Polchinski, 
Schwarz, Seiberg and WittenjQ]) which relates the special (DMW) point to a type IIB ori- 
entifold0]0 model representing the type IB string compactified on K3, called the Gimon- 
Polchinski model 

There are a number of important points to be made here about the establishment of this 
duality. More correctly, the heterotic/heterotic DMW point is dual to precisely that spe- 
cial point in the moduli space of GP models where there might be some hope to make 
strong/weak coupling duality contact with a perturbative heterotic string compactified 

^ Really, only a partial argument was presented in ref . ; It was not clear there how the K3 in the 
resulting heterotic compactification reappears. This M-theory argument will be completed in this 
paper. 

^ A special point in the moduli space of the Gimon-Polchinski (GP) models was also recognized as 
a consistent spectrum by Bianchi and Sagnotti in ref. ||Tot| . This is the point with largest possible 
gauge group [/(16) x[/(16). In the interests of historical accuracy, we might call this point the 
BS-GP point, reserving the name GP for the more general class of models found in ref. Q. 



4 



on K3. (This point, which well caU the "special GP model" has no regions of spacetime 
where the dilaton has a gradient, thereby promising a heterotic conformal field theory 



dual description. Such orbifold conformal field theories were presented in refs.[lTT|,|q].) One 



might have anticipated such a duality as a descendent of the ten dimensional strong/weak 
coupling duality between the SO{32) type IB string and the SO{32) heterotic string. How- 
ever, there is no straightforward geometrical reason why such a heterotic dual to the GP 
model should have anything to do with heterotic/heterotic duality: The ten dimensionally 
motivated expectation should only generically predict duality to some K3 compactification 
of the SO{32) heterotic string. 

Part of the work of ref. in showing that the special GP model was indeed dual to the 
DMW model involved proving that a much more complicated example of a phenomenon 
familiar in toroidal heterotic compactifications occurs here: There is a T-duality between 
the (12,12) K3 compactified EgxEg heterotic string and a K3 compactification of the 
SO{32) heterotic string. In order to make this correspondence, it has to be realized that 
in the latter case, special choices are made for the instantons which refer to their structure 
as Spin{32) /'E12 instantons and not merely SO{32) ones. 

Once this T-duality connection is made (a perturbative demonstration which boils down to 
making careful choices of Spin{32) /TL2 vector bundles and choosing an appropriate Wilson 
line), the ten dimensional expectation goes through and makes a connection between the 
special GP model and the DMW point. 

Indeed, there are some amusing facts which bolster the connection^: For example, it is 
easy to construct the string solitons on the type IB side which eventually become dual 
heterotic strings on the heterotic side. They are simply the two distinct types of D-string 
probe one can make in the six uncompactified dimensions. One is simply the ordinary 
Dl-brane in IR^, while the other is made by wrapping a D5-brane on the K3 to give a 
D-string in IR^. Note that in the GP model, these two D-string solitons are T-dual to each 
other under inversion of the volume of the (orbifold) K3. Under the strong/weak coupling 
duality, one of these strings becomes light and becomes the heterotic string, while the 
other becomes an ordinary heterotic stringy soliton. The Type IB model's K3 inversion 
T-duality symmetry, which exchanges the two D-strings, can now be seen to be "pulled 
back" under the type IB/heterotic (on K3) map to the DMW heterotic/heterotic duality, 
explaining the presence of a dual heterotic string. 

In the first half of this paper, all of these orientifold facts will be explicitly linked to the 
facts presented in the previous subsection (1.2) by direct connection between the orientifold 
models and M-theory on one side, and the heterotic models and M-theory on the other side. 
In the process, a number of puzzling M-theory statements in relation to heterotic/heterotic 
duality will be clarified and extended. 
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1.4- Searching for a Matrix Theory Representation 



By this point in the discussion, the informed (but patient) reader may wonder why we 
have gone to aU of this trouble to recaU the above interesting coUection of facts. The goal 
of the present paper is to try to begin to understand how to construct a matrix theory 
representation of the K3xl compactified M-theory. It is not clear just how to do this 
directly from the original Matrix theory prescription which gave rise to a represen- 



tation of uncompactified M-theory. The technology of compact ificat ion on a surface X 
involves |1T^ , |T3| studying the large limit of supersymmetric theories whose target space is 
a "dual" space X. In the case of toroidal compactifications on X=T" where n<4, the pre- 
scription is completely given in terms of n+1 dimensional SU{N) Yang-Mills theory, and 
the "dual" space which will be its target space is simply the torus made by inverting 
the radii of all of the n constituent circles. 

Beyond that class of compactifications, the situation is less clear, principally due to the 
fact that the ultraviolet behaviour of Yang-Mills theory in higher dimensions is ill-defined. 
(Also, beyond the case of tori, it is not clear what the "dual" surface should be.) In the 
case of T^, however, it was shown that certain facts about field theory conspire to allow a 



sensible conjecture about the existence of a sensible Matrix theory definition in terms 
of the large limit of a certain six dimensional superconformal fixed point theory. The 
existence of the appropriate field theory was confirmed in ref. and the Matrix theory 
consequences, obtained by placing it on T^, were studied further, by testing that known 
type II string [/-duality symmetries are predicted fl^. 



Even in that case, there is enough supersymmetry and geometrical symmetry of the com- 
pactification space (and its dual) to sensibly motivate a complete matrix description within 
the matrix theory framework. For the cases we would like to consider here, there is less 
supersymmetry and geometrical symmetry of the target space to help in finding a matrix 
theory representation. 

One way to proceed might be to note that the compact ificat ion space which we wish 
to consider is geometrically realizable (at special points) by orbifolds of tori. Perhaps 
progress may be made by considering orbifolding the matrix theory definition of M-theory 
on 0,|15| • The problem with this is of course that we have only a partial understanding 



of what it means to directly orbifold in either M-theory or matrix theory, and so this is 
not an avenue of approach without potential wrong turns. 

Our starting point is to go back to the spirit of the original matrix theory representation 
of M-theory and find a well-understood DO-brane background in string theory to endow 
with an eleven dimensional interpretation, building a matrix theory from the resulting 
world- volume theory. This approach is not without its pitfalls either. The models we may 
construct in such a case will of course not have nearly enough supersymmetry to allow 
the powerful statements about the nature and existence of certain DO-brane bound states 
at large — of the type made in the original matrix theory proposal [|12[ — to be made. 
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Therefore we only expect a partial definition of the required matrix theory to arise from 
considering complicated DO-brane backgrounds. 

We might hope, however, that we can deduce certain properties of the matrix theory we 
need by using as many facts as we can, from as many sources as possible. This is the place 
where the heterotic/heterotic discussion at the beginning comes in. At that special point 
in the moduli space of M-theory backgrounds, we have a wealth of facts which may help 
pin down the properties of the representation, (which we might hope is some large limit 
of a special type of quantum theory compactified on a "dual" space to the ATSxT, where 
"dual" needs to be defined.) 

The very existence of the special properties of the DMW point might have been motiva- 
tion enough to try considering its consequences for a matrix theory proposal^. As luck 
would have it though, we are blessed with a complete D-brane model — more precisely, 
an orientifold model — which serves as a representation of the special heterotic/heterotic 
point. 

We will therefore pursue our quest to find the required matrix model representation by 
constructing a variant of the special point of the GP model in the type lA theory. The 
matrix theory representation of the compactification of M-theory on K3xl will be thus 
partially motivated as the large N limit of a certain type lA orientifold model probed 
by a conglomerate of N DO-branes, and by extension, also the large N limit of Dl- and 
D5-brane probes of type IB orientifold models. 

By the end of the discussion, we will have reason to conjecture that more generally, the 
complete matrix theory representation of M-theory on K3xX is given by the large N 
limit of a compactification — on a suitable "dual" surface — of the "little Eg x Eg heterotic 
string" J\f=l six dimensional quantum theory. 

1.5. Outline 

In section 2 we begin by reminding the reader of some of the details of the GP type IIB 
orientifold model. We then introduce a new (but closely related to the GP model) orien- 
tifold model in the type II A theory, and translate the properties of the GP model into this 
new model. We then study the strong coupling limit of this type lA model, which is an 
M-theory K3xl compactification with M-branes. From there we take a weak coupling 
limit which yields heterotic string theory. 

As promised, along the way we will recall, derive, rederive and strengthen our knowledge of 
properties of the heterotic/heterotic duality, in terms of its image dualities in the various 
dual contexts of type IB, type lA and M-theory. (The interplay between the latter two is 
the newly presented context.) By the end of the section, we will have thus firmly recast 



Indeed, this was the question which led the author to embark upon this project. 
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our knowledge of heterotic/heterotic duality in type lA/M-theory terms, in preparation 
for section 3. 

In section 3, we take our type I models and study them as backgrounds for D-brane 
propagation. We consider therefore a model of quantum mechanics, for the case of probing 
local parts of the K3xl geometry with DO-branes, a 1+1 dimensional theory when Lyi 
is small, resulting from Dl-brane probes, and later a certain 5 + 1 dimensional quantum 
theory compactified on a dual surface to K3xl for the case of the full compactification. 

In section 4 we submit these models as partial definitions of the Matrix theory representa- 
tion of M-theory on K3x2, at the DMW point, in the infinite momentum frame. As these 
models inherit the duality properties of the type IA(B) and heterotic models which they 
were derived from, they are extremely well suited to be used in such a definition. However, 
due to the lack of enough supersymmetry, there is not a great deal of control over the 
properties of the short distance information (encoded in the bound state dynamics) which 
is needed to supplement the model to make it a complete definition. 

We discuss such shortcomings of the definition and nevertheless present a proposal for 
the end result of the inclusion of the missing details in the completion of the models of 
sections 3 and 4 into a satisfactory definition. 

There are good reasons to believe, based on the properties of the orientifold models, that 
the full 5+1 dimensional theory is the large limit of the (0,1) n supersymmetric heterotic 
theory with EgxEg global symmetry compactified on a dual surface to K3xX. At the 
DMW point it is also equivalent to a compactification of the (0,l)7v supersymmetric theory 
with Spin{?>2) /'Ej2 global symmetry. (It is the infinite momentum frame of the M-theory 
compactification which corresponds to a large limit of such a configuration.) 

Following that identification, it is natural to conjecture (by section 5) that the EgxEg 
theory can be used to construct the matrix representation of M-theory on K3xX even 
away from the DMW point. 



2. Some Orientifold Models 



2.1. The GP Orientifold Model: Type IB on KZ 

Let us begin by recalling some of the details of the Gimon-Polchinski model]^. It is a 
compactification of the type IB string on a %2 orbifold of T^, realized as the prototype 
orientifold of the type IIB stringi, where spacetime orbifold symmetries are combined 
with worldsheet (orientifold) ones. The orientifold model, defined by the group 

Gvi '■= {1, -R6789, ^5 ^-Rersg}, (2.1) 



See refs. [16,17] for a wider discussion of K3 orientifolds of type IIB. 
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contains the orbifold symmetry 

i?6789 : {x\ x\ x^ a;^} ^ {-x\ -x\ -x^ -x^}, (2.2) 

and the orientifold symmetry O : z ^ z on the world-sheet which is parameterized by 
complex coordinate z at string tree level. 

The presence of Q in the group may be thought of as representing a single orientifold plane 
("09-plane") which fills the whole of spacetime. This plane has —32 units of D9-brane 
charge. To cancel this charge (as required by "Gauss' Law" for the Ramond-Ramond 
potential A^^^^), 32 D9-branes are introduced. 

The presence of Oi?6789 represents the introduction of 16 05-planes, located one at each of 
the orbifold fixed points of the singular geometry. Their —2 units each of D5-brane 

charge require 32 D5-branes to be introduced, for consistent A^^"^ field equations. 

In the top part of Table 1 is illustrated the orientations of all of the constituents of the 
model. The K3=T^ /W12 is located in the {x^, x^, x^, x^} directions. The various D5- 
branes are free to move around in the K3, but only in groups of fourQ, as there must be a 
mirror partner of each brane under -R6789: and there is an additional pairing for invariance 
under O. We may also introduce Wilson lines to break some of the gauge symmetry of the 
D5-branes and D9-branes. 



type 


# 


xO 


x^ 


2 

X 


X^ 


4 

X 


X^ 


x^ 


7 

X 


x^ 


Q 

x^ 


D9 


32 






















09 


1 






















D5 


32 














• 


• 


• 


• 


05 


16 














• 


• 


• 


• 


Dl 






• 


• 


• 


• 




• 


• 


• 


• 


D5' 






• 


• 


• 


• 













Table 1. (Top) Orientation and number of the consituent branes of the Gimon-Polchinski 
model of the type IB string compactified on a /%2 orbifold limit of K?> (located in the 
6,7,8 and 9 directions). (Bottom) Orientation of branes used to probe the model (see 
section 3). 

The gauge symmetry comes from two sectors, the 9-9 sector and the 5-5 sector, and is 
maximal when there are no Wilson lines, and the D5-branes are all coincident located 
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on one of the 16 fixed points. This gives gauge groupl U {16)5x1/ (16) g. (The subscripts 
denote a gauge group's origin in the 9-9 or 5-5 sector.) 9-9 and 5-5 strings also supply 
hypermultiplets in the 120+120 for each factor, and 9-5 strings supply a (16, 16). The 
closed string sector supplies 20 neutral hypermultiplets representing the (stringy) geometric 
deformations of 

As the number of D5-branes which may move around the K3 is limited to be a multiple 
of four, there are a number of distinct models which may be constructed in the GP class 
which are not connected (see a reminder in section 3.2.2). One such model is the special 
point we are interested in: It has a pair of D5-branes at each 05-plane, thereby canceling 
the locally. This unique arrangement is important for the dualities which we want to 
consider because such a local cancellation in the Ramond-Ramond sector implies a local 
cancellation in the Neveu-Schwarz-Neveu-Schwarz sector, thus ensuring that the dilaton 
is constant everywhere. Consequently, any strong/weak dual heterotic model is likely to 
be realizable as a conformal field theory, as demonstrated explicitly in ref. . 

For this configuration, there is no gauge group, and there are simply 224 hypermultiplets 
from the open string sector plus the 20 neutral ones from the closed string sector. (More 
details on this are to be found in section 3.2.3.) 

As pointed out in ref.Q, the four D5-brane dynamical unit constitutes one complete 
instanton. Therefore there are 8 such instantons in the D5-brane sector, the other 16 
coming from the 16 fixed points to make a total of 24, as required. It is crucial to note0 
that these are Spin{32)/'^2 instantons "without vector structure", which means that the 
gauge bundle over the fixed points is chosen in such a way that U{1) instantons can be 
embedded into Spin{32)/'E2 and yield the correct Dirac quantization for the adjoint and 
(say) positive chirality spinor representations, but not for the vector and negative chirality 
spinor representations. It is Spin{32)/'^2 heterotic string theory compactified on a K3 
with such instantons which is T-dual to a K3 compactification of the EgxEg heterotic 
string, as will be useful for us later. We will also see how these instantons arise naturally 
in the D-brane probe models in section 3. 

2.2. Another Orientifold Model: Type lA on K3. 

Table 2 shows an arrangement of branes and orientifolds in the type lA theory. 
The model has orientifold group 

Gci = {1, -^6789, f^-Rs, ^-^56789}- (2.3) 

The compactification is geometrically essentially i^3(^2) where the is a com- 

pact of radius Lj^/27r. The ^2 is generated by R5 : — x^. The presence of element 

As shown in ref. the C/(16)'s are broken to SU{16) by one-loop effects. See later. 
This special point is the BSGP point referred to earlier []To|| |]9| 
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flR^ indicates the presence of two orientifold 08-planes, at the two ^2 fixed points of the 
orbifolded circle, forming an interval I. They have charge —16 each in D8-brane units and 
therefore there are 32 D8-branes for the model to be consistent. 

Meanwhile QR^^rsd requires 32 04-planes, split as 16x2. The sixteen are associated with 
the fixed points of the K3 orbifold, and there are two copies of this arrangement, 

one for each of the fixed points, the ends of the interval I. 

Each 04-plane has —1 units of D4-brane charge and so there are 32 D4-branes in the 
model for consistency. They are localized in the five dimensional K3xl space. 



type 


# 






2 
X^ 


X^ 


4 

X 


X^ 


x^ 


7 

X 


X^ 


Q 

X^ 


D8 


32 






















08 


2 






















D4 


32 














• 


• 


• 


• 


04 


32 














• 


• 


• 


• 


DO 






• 


• 


• 


• 




• 


• 


• 


• 



Table 2. (Top) Number and configuration of constituent branes in an orientifold model of 
the type I A string compactified on a T^/^2 orbifold limit of K3 (located in the 6, 7, 8 and 9 
directions) times the line interval /'R12 (located in the 5 direction). (Bottom) Orientation 
of DO-brane used to probe the model locally realizing a model of matrix quantum mechanics 
(see section 3). 



It should be straightforward to see that this model is essentially Ts-dual to the GP model 
compactified on an x^ circle of radius L\^/2ti, where the relation between parameters of 
the two models iM: 



'IB - 75 



-^lA 



AiA (2.4) 



-^lA 

-Rib = RiA, 

where Xia{b) denotes the string coupling and Ria{b) denotes the radius of the K?, manifold 
in the type IA(B) theory. 



Here and in what follows, we are not concerned with factors of a'; nor are we careful about factors 
of 2n. These will often be omitted. 
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2.3. M-Theory on K3xl 



Just as in the case of the GP model, there is a particularly interesting unique configuration 
where all of the R-R charges are completely canceled locally in the model. The required 
arrangement is the placement of 16 of the D8-branes on an 08-plane at one end of the 
interval and the remaining 16 on the 08-plane at the other end[|l8|. Meanwhile the D4- 



branes are distributed one per 04-plane, resulting in 16 at each of the copies of K3 at the 
end of the interval. 

2.3.1 Digression on D8-branes and 08-planes 

In the absence of K3, the D4-branes and the 04-planes, this arrangement results in 
gauge group 5'0(16) x5'0(16) for the type lA theory, resulting from the 16 D8-branes 
and one 08-plane at each end of the interval. As pointed out in refs. ||T8|JT9|] , this unique 



arrangement is suggestive: Away from the world volumes of the branes, i.e., in the bulk 
of the interval, the model is locally the physics of the type IIA string. As we go to 
strong coupling in this model therefore, it is to be expected that a new dimension, x^^, 
opens up, and the model becomes an eleven dimensional theory. Each of the 16 D8-branes 
and 08-plane arrangements becomes a single object at strong coupling, supplying the two 
ends of the Horava-Witten compactification of M-theory, becoming a sort of 'nine-brane' 
after unwrapping a leg in the x^^ direction. Crucially, soliton states which transform 
in the (1, 128) + (128, 1) {i.e., the spinor of S'0(16) xS'0(16)) become light in this limit, 
joining the (1, 120) + (120, 1) in filling out each 5'0(16) into Eg. 

In fact, one can go further than this and see that any other arrangement of D8-branes and 
08-planes will not produce an eleven dimensional theory. This issue is intimately related 
to the matter of when it is consistent to have D8-branes in type IIA theoryll. 

An isolated D8-brane in type IIA string theory is not consistent. As pointed out in 
refs.[jl^, the linear behaviour of the dilaton with the transverse distance is such that the 
string coupling diverges a finite distance away from the brane. In order to fix this state 
of affairs, it is necessary to introduce an object which acts as a sink for the dilaton field, 
cutting off the growth of the string coupling at some chosen reference finite value, Af^. By 
supersymmetry, the object with the correct charges to do this is the object with opposite 
R-R charge to the D8-brane, the 08-plane. 

Once we have made a reference choice for the value Aj^ at which the type IIA string 
coupling should be cut off, we have fixed the distance that the 08-plane is from the D8- 
brane. Due to the —16 units of charge of an 08-plane, overall consistency requires there 
to be 16 D8-branes. On introduction of the 08-planes and D8-branes, we are no longer in 
the type IIA theory (globally) but the type lA theory. Between each D8-brane, the theory 
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I have benefited from conversations witli R. Myers concerning the 08-pfane matters discussed in 
the rest of this sub-subsection. 
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is a piece of type IIA string theory with a dilaton gradient. (At low energy, it is simply 



the massive type IIA supergravity of Romans [p2| , |23|] . ) . We have constructed the physics of 



the neighbourhood of an endpoint of the type I A interval X. 

So the answer to the question "When is it consistent to have a D8-brane in type IIA 
theory?" has the answer "When it is in the type lA string theory" . 

Now if we chose to increase the string coupling, and try to study what happens at strong 
coupling, the situation is interesting. In order to keep the theory (in the limit of infinite 
coupling) from developing isolated regions of infinite string coupling again, we preserve 
our chosen reference cutoff value Aj^ by simply moving the orientifolds closer to the D8- 
branes, as the coupling increases. We can do this indefinitely. However, there comes a 
point at which the interval upon which all of this physics is taking place is forced by this 
process to become so short (compared to y/a') that we make stringy sense of it by simply 
T-dualizing along that interval to go to the type IB string where the distances in the dual 
direction are large compared to \/a'. 

The resulting physics of the continued process of increasing the string coupling further until 
it is infinitely strong, is addressed succinctly by going to the dual theory to the type IB 
string — the 5'0(32) heterotic string. 

This process of increasing the string coupling in the type lA theory will always result — for 
any configuration of D8-branes and 08-planes except one — in the weakly coupled physics 
of the 50(32) heterotic string in the limit, because the 08-planes and D8-branes will 
always have to be moved closer to one another until the physics is best addressed in terms 
of strong coupling type IB physics. 

The exception to this situation is the unique case where the dilaton charges are canceled 
locally, as mentioned a few paragraphs hence. In that case, there is no need to move 
08-planes (reducing the length of the interval) to cutoff regions of infinite coupling. The 
strong coupling physics of that configuration is related to that of the EsxEs heterotic 
string, as discussed above. 

2.3.2. Inclusion of K3, D4-Branes and 04-Planes 



Returning to the K3 compactification, we see that the discussion of the last section has a 
counterpart here. In the compactified model, we have also to include D4-branes to cancel 
the charge of the 04-plane fixed points on K3. 

In analogy with similar processes as for D-branes, one may think of the origin of the 04- 
planes as arising from wrapping the O8-plane0 on the K3, whose curvature is localized at 
its fixed points in this orbifold limit. K3^s non-zero value of RAR (supported at each fixed 
point) in the worldvolume action of the 08-plane endows each fixed point with 04-plane 
charge. 

This way of thinking of 04-planes was suggested to me by R. Myers 
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This necessity to introduce D4-branes and 04-planes is entirely analogous to the com- 
pactification of M-theory on i^TSxX, or the E^xEg heterotic string on K3. The curvature 
of K3 requires the introduction of 24 instantons for consistency. In this type lA situation, 
the instantons on K3 are played by combinations of 04-planes and D4-branes. In the 
strong coupling limit, where we make contact with M-theory on K3x2, we expect them 
to become five-brane like objects (they reveal a hidden leg wrapped around the new dimen- 
sion x^^ which opens up), destined to become Eg instantons in the heterotic limit. This 
is the analogue of the way that the combination of 16 D8-branes and 1 08-plane became 
the M-theory "nine-brane" boundary carrying the Eg, degrees of freedom. An isolated 
dynamical unit of four D4-branes would become an ordinary M5-brane, while inside the 
K3, a single 04-plane is related to half an M5-brane localized on a fixed point of K3. 

Recalling that this particular orientifold model is expected to become the (12, 12) heterotic 
string compactification, we may deduce that it is precisely 16 D4-branes plus 16 04- 
planes which together become 12 Eg, instantons: 1 D4 and 1 04 is equivalent to 3/4 an iJg 
instanton. In particular, the 04-plane is equivalent to 1/2 of an instanton, and the single 
D4-brane sitting in it in our special configuration is 1/4 of an instanton. This is consistent 
with the Ts-duality relation to the GP model and its relation to the Spin{32) /7L2 heterotic 
string compactification: There, four D5-branes make up one dynamical unit which is dual 
to a small heterotic instanton, a numerical relationship which should be invariant under 
Ts-duality. Meanwhile, a single 05-plane is equivalent to a heterotic instanton, which 
is consistent with our type lA assignment above, and the fact that Ts-duality turns two 
04-planes into one 05-plane. 

The relationship between the parameters of the M-theory compactification and those of 
type lA may be easily computed to be (see footnote 8): 



rlO 



R 



M 



2 



_ 1 

\ 3 

'^lA 



RlA, 



(2.5) 



where L^/27r, L^/27r and Rm are the radii of x^^ direction, the x^ direction and the K3, 
measured in M-theory length units. These relationships are simple consequences of di- 
mensional reduction of the eleven dimensional supergravity Lagrangian on a circle to ten 
dimensions, and then performing a Weyl rescaling to match the resulting Lagrangian to 
the string frame Lagrangian of the massless sector of the relevant string theory ||2^ . 

Using the relations ( |2.4]) , we can compute the relationship between the M-theory param- 
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eters and the type IB parameters: 



2 





IB 



1 



'M — 



i 2 

^ib(-^ib)^ 
^ib(-^ib)^ 



(2.6) 



Rm 



IB 



2-4- The EsxEs and Spin{32)/'E2 Heterotic Strings on K3 

At this stage we can contemplate moving back to six dimensions and recover the EgxEg, 
heterotic string compactified on K3. This is performed by starting with our M-theory 
configuration and shrinking the length of the interval by sending L|^— i>0. (Shrinking Lj^— >0 
would return us to the six dimensional theory of the type lA compactification.) 

In the limit, we obtain the (12,12) heterotic compactification. This is guaranteed by 
fact that the in type lA orientifold model we chose an arrangement of branes which is 
completely symmetric between the ends of the interval. The tracing that we did of the 
instanton assignments from their role as Spin{32) /%2 instantons in the type IB model, 
through the type lA model, and on to the M-theory configuration is therefore correct. 

The relationship between the parameters of the heterotic model and those of the M-theory 
compactification are: 



where L^°^/27r, Ly^/27r and -Rha are the radii of x^^ direction, the direction and the -ftTS, 
measured in EgxEs heterotic string length units, while Aha denotes that heterotic string's 
couplingllil. 

Finally we arrive at the heterotic model with the assignment of instantons we expected 
from considerations of Spin{32)/'E2 heterotic/type IB strong/weak coupling duality 
combined with TiQ-duality between the two K3 compactified types of heterotic strings. 



For succinct subscripts it is simpler — and mindful of type I/heterotic duality — to use "HA" to 
denote the EgxEg heterotic string and "HB" to denote the Spin(32) /'M12 heterotic string. 



L 





(2.7) 



-Rm — Aj^l^i^HA, 
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The TiQ-duality gives the Spin{Z2) /%2 heterotic string with parameters 

1 



L 



10 

HB - TTo" 

A 



X ^HA (2.1 



7-10 

-^HA 



-Rhb = -Rha, 
where the notation should now be clear. 

Combining this with (|2.7|) gives a relationship between the Spin{2>2) /%2 heterotic param- 
eters and those of M-theory: 

2 

7-5 _ ^HB 
Ij 



^" = TTTTT^TTI (2-9) 



7-10 

-^hb(-^hb) 

i?HB(^IB) 

-Km = T 



'^HB 



Comparing this to (|2.6|), if we did not know it already we could deduce]!^ a strong/weak 
coupling duality between the type IB and the Spin{32) jTL^ heterotic string with the precise 
relationship 0||,|2|]: 

AiB = 

2.10 

7-5 _ 7-10 \-2 

-^HB — -^HB^HB' 

supplemented by the following relationship between the radii of the -ftTS's upon which they 
are compact ified: 

-Rhb = -RibAjb^. (2-11) 

For completeness, we also deduce a relationship between the type lA and EgxEs param- 
eters: 

AiA = A-l(L|^i)i 

-^lA = (-^Ha) ^ -^HA' 

with the -ftTS's radii related as follows: 

-RiA = -Rha(-^ha)^-^ha- (2-13) 
2.5. Geometrical Picture of the Dualities 

Taking into account all of the steps we have performed in constructing the chain of dualities, 
it should now be clear that the organizing geometry is that of a cylinder [jl^. Essentially, 
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we compactify M-theory on the cylinder given by ^^0X^57^2, with length L]^ for the 
ordinary circle and length for the line interval. 

Shrinking Lj^ to zero sends us to the type lA string theory limit while shrinking 
sends us to the E^xEs heterotic limit. Once in the string theory limit, T-duality along 
the surviving direction of the cylinder takes us to type IB string theory in case (x^), or 
Spin{32)/'E2 heterotic string theory in the other case {x^^). 

The strong/weak duality exchange of the type IB and Spin{32)/'M2 heterotic string is 
simply the exchanges of the values of and Lj^, taking one from an infinitely thin line 
segment in one the first case to an infinitely short cylinder — the x^^ circle — in the other. 



2.6. Origin of Heterotic /Heterotic Duality 

So far, we have not mentioned the extra special property this family of vacua have, the 
property which gives rise to heterotic/heterotic duality in six dimensions. 

Its origin is clear once we realize that there is an alternative route from the type IB model 
to a heterotic model. Before going to type lA, we could perform the T-duality operation 
^6789: which has the effect of defining a very similar type IB model, but on a K?> manifold 
obtained by inverting the radii of all of the circles in the defining T^. In fact, the model is 
invariant under this operation, as can be seen by examining the orientifold groupj^]. 

Indeed, it is instructive to consider (separately) two interesting D-string probes in the six 
uncompactified directions, one a Dl-brane, lying in the (a;°,a;^) directions, and another a 
D5'-brane wrapped about the K?) giving a string lying in the {x^,x^) direction. 



type 




x^ 


2 

X 




4 

X 


X^ 


x^ 


7 

X 


x^ 


Q 

X 


Dl 




• 


• 


• 




• 


• 


• 


• 


• 


D5 (Dl') 




• 


• 


• 


• 













Table 3. Orientation of D-brane probes in the orientifold model of Table 1 representing 
type IB string theory on K3, giving rise to two D-strings in six dimensions. 

The operation Tqiso defines type IB on the "dual" K3 which we call K3, with radius l/i?iB. 
T6789 simply turns the D5-brane into a Dl-brane and vice-versa, therefore exchanging our 
two types of D-string. Their tensions are easily computed H in terms of the type IB and 



the Spin{32)/'E2 heterotic parameters, using eqn.( |2.li 



(2-14) 

q- _ -"-IB _ p2 p2 

^Dl' — — -n-HB-n-IB' 

^IB 
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and are clearly exchanged under Tgygg. 

In purely Spin{32)/'E2 heterotic string paramters, their tensions are (respectively)]^: 



Electric — -^HB-^HB 

^ _ Mb (2.15) 

-'magnetic -.g ; 



where A^b = Rjb is the six dimensional heterotic string coupling. We see that the Dl- 
brane becomes an electric "fundamental" heterotic string, being light at weak heterotic 
coupling. Meanwhile the Dl'-brane becomes a magnetic "soliton" string, being heavy at 
weak coupling. Type IB's Tgygg-duality, which inverts Rjb, maps here to a strong/weak 
coupling duality. 

Notice also that although we exchange two K3^s (with inversely related volumes) in the 
type IB model, the K3 which the heterotic string is compactified on remains the same, as 



can be seen by using eqn.(2.11), with the Tersg-duality relations 



-6789 



-Rib — ^ Rjn 

4 , (2.16) 
AiB — ^ Aib/-Rib 



revealing that -Rhb is invariant under the duality. 

The orientations of the strings are trivially related to those in the first type IB model by 
a rotation by 7r/2, O45, in the (x^,x^) plane. 



type 






2 


X^ 


4 

X 


X^ 


x^ 


7 

X 


x^ 


Q 

x^ 


D5 (Dl') 




• 


• 


• 




• 










Dl 




• 


• 


• 


• 




• 


• 


• 


• 



Table 4. Orientation of D-brane probes of an orientifold representing type IB on K2> (see 
Table 1), which is Tgygg dual to the orientations of Table 3. These probes also give rise to 
two D-strings in six dimensions. 

Instead of doing the operation Tgygg we may proceed to our type lA model, using T5- 
duality. We thus obtain type lA on K'ixSl /'Ej2- Here our two types of brane probes 
become a D2-brane (with one leg stretched between the end of the x^ interval) and a 
wrapped (on KV) D4-brane. (See Table 5) 
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type 


a;0 






x^ 






x^ 




a;8 


a;9 


D2 




• 


• 


• 




H 


• 


• 


• 


• 


D4 




• 


• 


• 


• 


• 











Table 5. Two types of D-brane probe in the orientifold model of Table 2 realizing type lA 
on KZxSl/%2- 

These two arrangements of branes (and the complete orientifold model) are dual to each 
other under T456789-duality, which inverts the and results in a model of type lA on 
K^xS\/'Ki2- Sec Table 6. (A final tt/2 rotation O45 would trivially restore the identical 
orientation.) This model is T4-dual to the type IB on model of Table 4. 



type 




x^ 


x'^ 


x^ 


4 

X 






7 

X 


x^ 


Q 

X 


D4 




• 


• 


• 


• 


• 










D2 




• 


• 


• 


H 




• 


• 


• 


• 



Table 6. D-brane probe arrangements T/^^^i^^-dual to those in table 5. The background 
is an orientifold model of type I A on K2txS\/%2- 

Upon moving to strong type lA coupling, we get two apparently distinct M-theory models, 
one on K3xS^/'^2 and the other with K3xSl/'Mi2- Our D2-brane probe becomes an M2- 
brane with one leg wrapped in the line interval I5 (X4), and transverse to the K3 (or K3). 
The D4-brane becomes an M5-brane wrapped on the K3 (or K3) and transverse to the X5 
(or I4). See Tables 7 and 8. 



type 


x^ 


x^ 


2 
X^ 


X^ 


4 

X 


x^ 


x^ 


x'' 


x^ 


x^ 


x'O 


M2 




• 


9 


• 




[-] 


• 


• 


• 


• 


• 


M5 




• 


• 


• 


• 


• 













Table 7. Two configurations of M-theory brane on KSxI^. 
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type 






2 


X^ 


4 

X 


X^ 


x^ 


7 

X 


x^ 


Q 

X 




M5 




• 


• 


• 


• 


• 












M2 




• 


• 


• 


[-] 




• 


• 


• 


• 


• 



Table 8. Two configurations of M-theory brane on K3xl4^. 

Prom either one of these M-theory models, we may proceed to recover the heterotic string 
model by shrinking the line interval as discussed before. In both cases, the M2-brane 
is seen to become the light, electric, "fundamental" heterotic string ("Fl-brane") in the 
six dimensions ( ). Meanwhile, the M5-brane, wrapped on the K2>m 

(-RTSm) become a wrapped (on KSh ) heterotic fivebrane soliton [p7| ("F5-brane") yielding 
a heavy solitonic string in the six dimensions. See Table 9. 



type 


xO 


x^ 


2 
X^ 


X"^ 


4 

X 


X^ 


7 

X 


X^ 


Q 

X^ 


xio 


Fl 




• 


• 


• 




• 


• 


• 


• 


• 


F5 




• 


• 


• 


• 













Table 9. The orientation of the two hranes (an Fl-brane and an F5-brane) which give 
rise to two dual E^xEg heterotic strings in six dimensions. One is a light "fundamental" 
string, while the other is a heavy solitonic string. 

This heterotic model is compactified on K3u, with six dimensional coupling ^ii^Ryq- 
Strong/weak coupling duality takes this to another model (with coupling l/A^) compact- 
ified on the same surface, with an exchange of the Fl- and F5-branes. After a trivial 
relabeling of the x^ coordinate to x'^, we see that this is the model arising from reduction 
of the other M-theory configuration (table 10): 



type 


xO 


x^ 


2 
X^ 


X^ 


x^ 


x^ 


7 

X 


x^ 


Q 

x^ 


xio 


F5 




• 


• 


• 


• 












Fl 




• 


• 


• 




• 


• 


• 


• 


• 



Table 10. Branes which give dual EgxEg heterotic strings in six dimensions. 

The two isomorphic tables above (9 and 10) are (by construction) respectively mapped 
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directly under the strong/weak coupling duality of type IB and heterotic string^ to the 
type IB models of tables 3 and 4, where (x^) is exchanged with x^*^. 

So the Tfirog-duality map between the two type IB models is pulled back to the strong/weak 
couplingll^ heterotic/heterotic duality of Duff, Minasian and WittenQ, as pointed out in 
ref. . Here, we have traced its action all the way through M-theory. 

2.7. Heterotic /Heterotic Duality as Eleven Dimensional Electromagnetic Duality 

Returning to the two M-theory models (tables 7 and 8) momentarily, it is natural to ask 
about the nature of the map between them. In the type I theories it was simply T-duality 
at work, while in the heterotic case it was six-dimensional electromagnetic strong/weak 
coupling duality. These must translate into something else in the full M-theory. 

The answer is that as eleven dimensional models, the two models are electromagnetic duals 
of each other. It was suggested in ref.[Q that the operation of shrinking the interval X 
with the M2-brane wrapped on it was dual to another operation. Performing an eleven 
dimensional electromagnetic duality operation (with respect to the potential A'^'^^) involves 
exchanging the sources, replacing the M2-brane with an M5-brane. Shrinking the M2- 
brane on I is then expected to be equivalent to wrapping the M5-brane on K'i and 
shrinking the volume of the K?>. This conjecture was partially strengthened in ref.[Q 
by noting that precisely the (12,12) arrangement of instantons was needed to allow an 
M5-brane wrapped K?> to be shrunken completely. 

However, there were geometric complications with making the construction completely 
precise. In order to argue that the result is again a heterotic string on i^3, ref.|^ uses 
the intermediate seven dimensional duality between M-theory on K'i and the heterotic 
string on T^, and then reduces to six dimensions on the interval X. This certainly gives 
a heterotic string in six dimensions, but gives no complete geometrical understanding of 
how the transverse T^xX really becomes a K'i again, much less the same K3 on which 
the dual string is propagating. 

The construction we have just performed in the previous subsection is a means of making 
the geometric proof complete. The key is that precisely for this situation, the details of the 
electromagnetic duality between the required configurations as eleven dimensional models 
are completely implied by the T456789 duality between the two type lA models, with their 
accompanying brane configurations depicted in tables 6 and 7. 

The electromagnetic duality should be expected to work as follows: The M2-brane couples 

Strictly, as discussed earlier, we must also perform a Tio duality operation to move from EsxEg 
to Spin{32) /Wj2 heterotic. 

It could not have mapped to a T-duality, as there is no such symmetry between the Fl-brane 
and the F5-brane. 
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to the potential A^^"^ electrically and carries the basic unit of charge, while the M5-brane 
couples to it magnetically, being the dual object to the M2-brane in eleven dimensions. 

In otherwise flat eleven dimensions with branes of inflnite extent, the operation of replac- 
ing A^'^-^'s fleld strength F^^^ by its dual F^'''\ while replacing M2-branes by M5-branes 
(and vice-versa), would be a symmetry of the theory. 

Here however, things are slightly more complicated. We have M-theory on K3m>^^5, with 
sizes i?M and L|j, respectively. The M2-brane is an open M2-brane, as it has boundaries 
on the ends of the interval X5. Part of its volume is flnite, with a scale set by L^. If 
electromagnetic duality is going to work, we must conclude that the world volume of 
the dual M5-brane must also have a flnite part. The scale of that volume must be a 
monotonically increasing function of L^, if we are to recover the uncompactifled situation 
of the previous paragraph in the limit. 

This flnite part of the M5-brane world volume is wrapped on a different K?> from the 
one in the starting conflguration, which we can call K^m- The radius Ryi must be an 
increasing function of L|^. (It has to be a different K?>, as the other one must stay flxed 
while we reduce the M2-brane-wrapped interval X5 . ) 

Similarly, had we started with an M5-brane wrapped on the -RTSm, with radius we must 
conclude that the dual conflguration is an M2-brane wrapped on a line interval we might 
call X4, with length an increasing function of Km-, and transverse to a different K?> 
called K'iyi- 

Precisely this situation is what we have in tables 7 and 8. The well-established Xjsgygg- 
duality between these two conflgurations tells us precisely how the eleven dimensional du- 
ality must work. The parameters of one M-theory conflguration are given by the equations 
( p.5|) relating them to the parameters of the type lA conflguration in table 5. Meanwhile, 
upon using the relations of 2456789 duality between table 5 and table 6 (together with 



7-4 _\-V'5r 
-^M — '^lA -^lA 



4 _^-l/3,-4 

-RiA 



1 



RlK 

1 



Wk^-^) (2.17) 



A 



lA 



AlA 



L4^LfA(i?iA)4 

we can deduce the parameters of the dual M-theory conflguration to be related thus: 

Rm = (-^m-^m-Rm)^ 

(2.18) 



74(5) 



r5(4) 
4 -^M 



(-Rm, 



4(5)^ 



2 



So far these relations are apparently in line with our expectations above that shrinking T5 
is dual to shrinking K?>m-, and also that shrinking the dual interval X4 is equivalent to 
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shrinking K3m- However, we must be careful. At face value, they also seem to suggest 
that shrinking X5 results in the shrinking of X4, which certainly does not seem correct. 

To set things aright, it is illuminating to factor out of the expressions the quantity 
Vm=LIjiLI^{Rm)'^ , the volume of the compact part i^r3Mx2^5 X'S'4 of the M-theory com- 
pactification, whose image in type lA we T456789^dualize. Doing this, we obtain: 

Rm 

?4(5) 

and also 



1 

7-4(5) 

_ 2 
V 3 

rlO ■ 



(2.19) 



These relations look like an M-theory analogue of type lA's T456789^duality, with a volume 
factor entering in an unusual way (c./. eqn.( |2.l7| )). Notice however that the dual volume 
is the same as the original volume: 

^m=-^m-^m(^m) = T^75~ /n \d = ^M, (2.20) 



My 



and so the apparent length inversions in eqn. ( |2.19| ) are internal rearrangements within the 
"dualized" surface, performed at fixed volume. This is closer to what we should expect 
from the electromagnetic duality, and less like a stringy T-duality. 



We therefore interpret equation ( 2.19 ) as follows. First, we will keep the volume Vm 
fixed while shrinking any part of K3m>^I>^S^ . Then, shrinking X5, we must rescale the 
radius Rm of the K3m to keep the volume fixed. In the dual M-theory configuration, this 
is equivalent to (according to equation ( p.l9|) ) shrinking Rm, the radius of the dual i^3M- 
The same reasoning may be used to relate the shrinking of the dual interval X4 to the 
shrinking of K3m in the original geometry. 

So we have sharpened the statement of Duff, Minasian and Witten concerning the eleven 
dimensional origin of heteroitc/heterotic duality: Wrapping an M2-brane on the interval X5 
and shrinking the interval to zero size to obtain a heterotic string compactified on KSu 
to six dimensions, is equivalent (by electromagnetic duality) to wrapping an M5-brane 
on K3m and shrinking the volume of the i^r3M to zero to get a dual heterotic string 
compactified on the same KSu to six dimensions. 

In summary, our main tool to study the details of the eleven dimensional duality was to 
realize it as the image of T-duality between two type I A configurations. Those configu- 
rations extend to two apparently different M-theory compactifications under the strong 
coupling map, and the duality map between the two M-theory configurations follows from 
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the existence of the T-duahty map composed with the (unique) strong/weak couphng map 
between of type lA and M-theory on a circle. 

In this way, we also see that there is no mystery of how we recover -ftTSn for the resulting 
heterotic string in the case of the i^Sn^shrink-wrapping of the M5-brane, and we see that 
we recover the correct K3ii as well. 

BMW's result that there is no obstruction to shrinking the dual M5-brane on a K3 when 
there is a (12,12) instanton compactification directly translates into the statement that 
r456789^duality relates two type lA configurations which can be taken to M-theory at 
strong coupling, and thus in turn becomes eleven dimensional electromagnetic duality in 
the limit. 



3. Probing with D— Branes 

Let us now return to the study of the full details of the type I orientifolds model defined 
in tables 1 and 2. At the bottom of table 2 is shown the orientation of a DO-brane probe 
which we might introduce into the model. 

This is the starting point for the derivations of the various models which we use to motivate 
parts of a matrix theory representation of the K3m>^I compactification of M-theory. To 
derive a matrix theory we will use not just one DO-brane, but of them. Following Banks, 
Fischler, Shenker and Susskind[jl2|, and in the notation of the previous section, the large 



A^ limit will yield a matrix theory representation of M-theory on K3m>^I5 in the infinite 
momentum frame, where the infinite boost is in the x^^ direction. 

The logic of the procedures will be as follows: Considering first only the local geometry 
for a moment, we see that we can derive (as the effective DO-brane world-line theory) a 
model of 0+1 dimensional quantum mechanics which encapsulates the physics of the probe 
moving around in the background of the D8- and D4-branes, the 08- and 04-planes, and 
the K3. Given the strong coupling discussions in section 2.3.2, in the matrix model (and 
large A^) limit, such a 0+1 dimensional model should capture aspects of the M-theory 
physics of small Eg, instantons on an ALE space, near an end of the interval X5. 

In moving on to consider the case where the compactness of the I5 comes into play, we 
should expect that we must take into account light strings interconnecting the A^ DO- 
branes after first wrapping this interval when it is small. Operationally, (after a Fourier 
transform in the matrix theory language) this gives us a 1+1 dimensional model, derivable 
as the physics of the Ts-dual situation with A^ -wrapped Dl-brane probes, oriented as 
at the bottom of table 1. 

This interlaces nicely with the fact that a Dl-brane probe in type IB string theory is 
the heterotic stringp5|]: In the L5— i>0 limit, the matrix theory is an uncompactified 1+1 



dimensional model. This 1+1 dimensional matrix theory is the matrix theory of the 



24 



heterotic string on a local piece of K3, i.e., near an ALE space, with (part of) an 
instanton on it. In the strong coupling limit, which is the IR limit of the model, we expect 
to find a conformal field theory of this string, along the lines of Dijkgraaf, Verlinde and 
Verlinde[p8| for the recovery of ten dimensional type II A strings from matrix theorylll. 

Furthermore, when we consider the next feature — that the K?> is also small and compact — 
we must take into account light strings coming from winding the K'i. Again, we see that 
this is morally equivalent to taking the T6789-dual of the Dl-branes defining the 1+1 
dimensional model and working with the world-volume theory of the dual probe, wrapped 
on a dual surface. In this way we see that we are working with the world volume theory 
of D5'-branes shown at the bottom of table 1, and we therefore have (at least part of) 
a definition in terms of a particular 5+1 dimensional quantum theory compactified on the 
surface K'ixSl. 

Notice that heterotic/heterotic duality is already manifest in this matrix theory definition. 
Recall from section 2 that this duality is generated by Tgygg-duality, which in this context 
exchanges the N Dl-branes with the N D5'-branes. 

As this theory is related in this way to the world volume of a collection of D5'-branes in 
type IB string theory, we suspect that it is related to the (0, 1) theory with Spin{^2) /'R12 
global symmetry poll . We will thus be led to examine the details of that expectation (in 
section 4), and furthermore to consider what it means to compactify such a theory on 
K?,xSl. Much later, we will speculate that moving away from the special DMW/GP 
point, we should consider the matrix theory definition of M-theory on i^TSxXs to be given 
by the (0,1) E^xE^ theory compactified on the dual given by K?,xSl. 



3.1. Probing with Dl-Branes: The Model. 



As a starting point, we study the field content of the world-volume theory of the A Dl- 
brane probes in the type IB model. Returning to the type lA case with N DO-branes will 
be easily performed by (essentially) dimensional reduction. 

We will refer to table 1 for the orientations of the GP model's branes and the K3 (top 
part) and the N Dl-brane probes (bottom). 

3.1.1 Supersymmetry 

The D-brane orientations of the model (with Dl-branes) breaks the Lorentz group up as 
follows: 



SO{l, 9) D SO{l, 1)05 ^ ^0(4)1234 ^ ^0(4)6789^ 



It may be interesting to see also the comments at the end of ref.[29|, for some anticipation of this 
way of realizing duality. 
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where the superscripts denote the sub-spacetimes in which the surviving factors act. Fol- 
lowing refs. [^|32[| , we may label the worldsheet fields according to how they transform 
under the covering group (which acts as an R-symmetry of our final 1+1 dimensional 
model) : 

G = [SU{2)' X ^t?f2)']i234 X [SU{2)r x SU{2)l\^7S9. (3.2) 
with doublet indices {A',A',A,Y), respectively. 

We will place the K2> into the mix by embedding the refiection symmetry i?6789? into the 

^0(4)6789- 

Accordingly, the supercharges decompose under ( |3.1| ) first (due to the D-strings) as 

16 = 8+ + 8_ (3.3) 

where ± subscripts denote a chirality with respect to 5*0(1, 1), and furthermore (due to 
the D5-branes and the K?>) each 8 decomposes into a pair of 4's of the 5'0(4)'s. As we 
will see in due course, the various projections will pick out one of these spinors to carry 
the supersymmetry on the world sheet, giving a 1+1 dimensional system with (0, 4) super- 
symmetry, as we might expect from traditional heterotic string (on K?>) considerations, 
keeping in the back of our minds that this is of course dual to that very syste mill. 

The spectrum of massless fields in the model will produce a family of fields on the world- 
volume, which has coordinates {x^, x^). The supersymmetry algebra is of the form: 

{g^^',Q^^'} = e^^e^'^'P_, (3.4) 

where P_= — id / da~ , where a^ = {x^ ±a;^)/2. Here, e^^ and ^ are the antisymmetric 
tensors of SU{2) and SU{2y, respectively, A,B,A' and B' being doublet indices. 

3.1.2 The 1-1 Strings 

As there are 8 Dirichlet-Dirichlet (DD) directions, the Neveu-Schwarz (NS) sector has 
zero point energy —1/2. The massless excitations form vectors and scalars in 2D, and 
are created as follows. For the vectors, the Neumann-Neumann (NN) directions give 
excitations: 

A°'5(a;°,a;^) : A^i/^"'^ |0 >, (3.5) 

2 

where Xy is an 2Nx2N Chan-Paton matrix, which satisfies (at a fixed point of Rgjso)'- 

O: Ay->-7^A^7^^ 
D X X -1 

-R6789 : Xv Ir^VIr : 



Notice that this is the same amount of supersymmetry as possessed by a system of D9- D5- and 
Dl-branes[|33|. The K3 does not break any more supersymmetry than the D5-branes already 
doM. 
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where the T^^^^ matrices are 2Nx2N matrices chosen to represent the action of O and 
i?6789 on Xv- We wiU use the same type of basis as ref. The solution of the constraint 
equations (|3.6|) results in A being generators of the group U{N). 

Away from a fixed point, the second constraint in eqn.( |3.6| ) does not apply, and -RersQ 
merely relates a D-brane to its image. Instead, only the orientation projection acts, giving 
gauge group SO{N). This is consistent with the fact that has the same sign for Dl- 
branes as for D9-branes0. 

The excitations coming from the 8 DD directions split into two parts. There are fields 
associated with excitations in the x^'^'^'* directions, and fields associated with the a;6>7,8,9 
directions: 

/ / 5\ \ 1 6,7,8,9|n ^ ^'^''^^ 

2 

where A(^(^) are NxN Chan-Paton matrices satisfying (at a fixed point): 

O : 

T —1 ' 

A^ ^ 7nA^7f^ 

(3.8) 

A^ 7i?A^7^^ 

(Once again, away from a fixed point, -R6789 places no constraint, and simply reflects.) 

Now since A^ satisfies the same constraints as A^, we see that the cj) fields are a family of 
four-component scalars transforming in the adjoint of U{N), (or of SO{N) away from a 
fixed point), which we shall denote as 6"^ , to make contact with refs. [^ , |3^ . Meanwhile, 
the '0 fields are a complex doublet of hypermultiplet fields transforming in the antisym- 
metric representation of the gauge group U (N) or of SO{N). We denote them b^^ {x^, x^), 



R 



6789 



in accordance with refs. 31,32 



The fermionic states ^ from the Ramond (R) sector (with zero point energy 0, by definition) 
are built on the vacua formed by the zero modes i(;q, i=0, . . . , 9. This gives the initial 16 
of the left hand side of eqn. (|3.3|) . The GSO projection acts on the vacuum in this sector 
as: 

(-1)^ = r'^r^..r^ (3.9) 

while as O acts as —1 on NN strings {i.e., in the {x^,x^) directions), it is: 

o = r^r^r^r^r^r^r^r^ (3.10) 

and as -R6789 is —1 in the x^'^'^'^ directions it is: 

i?6789 = -r^r^r^r^. (3.11) 
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So we have (—1)^^=^ from the GSO projection, and with O, it simply correlates world 
sheet chirality with spacetime chirality: r'^F^^-i- = ±^-|-, where ^_ is in the 8c of SO{8) 
and ^_|_ is in the 8^. 

Now ^_ is further decomposed by -R6789 into and ^i, where superscripts 1 and 2 
denote the decomposition into the (1234) sector and the (6789) sector, respectively. So 
we have that the four component fermion ^1 (hereafter called tp^^ ) is the right-moving 
superpartner of the four component scalar field ^ , while (called ^) is the right- 
moving superpartner of b"^^ . The supersymmetry transformations are: 

, , 3.12 

The tj) carry the same U{N) (or SO{N)) charges as their bosonic superpartners in or- 
der to survive the -Rgtsq and Q projections, thus ensuring that gauge symmetry respects 
supersymmetry. 

Similarly, the field ^_|_ is decomposed under (|3.1|) into (which we'll call ifjf^ ) and 
(called i/j^ ^). Formally, these fields are left-moving "superpartners" of the gauge field A^. 
We have only (0, 4) supersymmetry, and so no linearly realized left-moving supersymmetry 
transformations, but there are non-linear ones. As A^^ is not dynamical in two dimensions, 
the detailed form of these transformations will not concern us hereii. 

3.1.3 The 1-9 Strings 

There are 8 Dirichlet-Neumann (DN) coordinates, giving ground state energy 1/2, and so 
there are no massless states arising in the NS sector. The R sector excitations come from 
the NN (x°,x^) system giving just two ground states. In this sector, the GSO projection 
is simply (— l)^=r^r^, which picks the left-moving field [p5|. 

Assuming (for now) that we are in the configuration where we have maximal gauge group 
t/(16)9 from the D9-branes, we have left-moving fermions A-(- in the (N, 16), the first part 
of the current algebra fermions of the heterotic string. We denote a component by \^ ^ 
where M is a D9-brane index, whenever we need to explicity show the index structure 
under the global symmetry of the D9-brane gauge group. 

(We shall see a little later that we have not completely determined the 1-9 spectrum. 
There is another sector which arises which will play a crucial role in the proceedings.) 



16 



In the case of a single Dl-brane, and ^+ would be projected out by acting with f2, leaving 
us with just the right-moving states ^- as superpartners of the 6-fields, as in standard heterotic 



lore|25]. In this case, we have Chan Paton factors Av, on which a representation of Q. can act to 



supply us with a correctly transforming surviving state. 
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3.1.4 The 1-5 Strings 

There are four DN coordinates, and four DD coordinates giving the NS sector a zero point 
energy of 0, with excitations coming from integer modes in the 1234 directions, giving a 
four component boson. This is sector 1, in the notation above. The R sector also has 
zero point energy of zero, with excitations coming from the 6789 directions, giving a four 
component fermion x- This is sector 2, as above. 

The GSO projections in either sector are: 

(-i)f = ror^r^r^r^r^ 

(3.13) 

which, upon apphcation, reduce us to two bosonic states (p^ in sector 2, and decomposes 
the spinor x in sector 1 into left and right moving two component spinors, X- ^-nd x^, 
respectively. We see that X- is the right-moving superpartner of (j)"^ . 

Assuming also that we have chosen the configuration where all of the D5-branes are coin- 
cident at one fixed point, we have therefore a supermultiplet in the (N, 16), with compo- 
nents (c^^''™', X-"^)'- 

5<l>^'^ = ieABri+\-'^- (3.14) 
Here, m is a D5-brane group theory index. 

Also, (with components x+"^)5 X+ transforms in the (N, 16). They are the rest of the 
current algebra fermions of the heterotic string, which from this point of view carry any 
non-perturbative global symmetry arising due to the D5-branes' behaviour as small in- 
stantons. 

3.1.5 The 9-9, 5-5 and 9-5 Strings 

Crucial to the whole discussion is that fact that these fields will generically appear as 
couplings in the l-fl dimensional theory. 

Prom the 5-5 sector there are four-component scalar couplings, (descendants of the a;^'^'^'^ 
hypermultiplets) transforming in the 120+120, which we call X^^, matching the notation 
of ref.[51. 



There are similar fields in the 9-9 sector and we denote these couplings Y^^. 

Meanwhile, the 9-5 sector produces a (16, 16), denoted hj^, with m and M showing off 
its choices in D5- and D9-brane group theory. 

Now that we have named these fields, we can display the supersymmetry transformation 
relating them to the left moving fields: 

X\M AA' riM 
0X+ — V+ ^AA'^ 
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where: 



'^AA' 



J, Mm 1 
^A (pA'm 



(3.16) 



These precise transformations aUow us to write the non-trivial part of the (0, 4) supersym- 
metric 1+1 dimensional Lagrangian containing the Yukawa couplings and the potential: 



tot 



netic 



^ ^BD ^'^BB' ^,B'Y _|_ ^B' D' ^^'^B' ,,Bm 



db^y 



d(j) 



D 



T~X.- 



i^Ym I BP ^'^BB' J,B'Y , B' D' ^^BB^ Bm 



ar^Ym 



1 



I ^ AB^A'B' (r^M r^M . ^Ymr^Ym\ 
+ 2 {'^AA''-'BB' ~^ '^AA'^^BB' ) 



(3.17) 



This was derived in ref. as the most general (0,4) supersymmetric Lagrangian with 
these types of multiplets, providing that the C satisfy the condition: 



'^AA'^^BB' "T '-^AA'^^BB' + '^BA''^ AB' '^BA''^ ' 



'AB' 



0, 



(3.18) 



which they do||3^]. ^kinetic contains the usual kinetic terms for all of the fields, and the 
required terms which complete them into gauge invariant terms. 

It should be of some concern that the 9-9 hypermultiplet fields have not entered into 
the story in a non-trivial way. We see their role in what follows: 

3.1.6 Two Puzzles, and Their Solution 

Running a little ahead of the story for a minute, let us anticipate what this model should do 
for us thus far. We have written down the physics of the (multi-) Dl-brane probe (slightly 

|,|33) that the conditions (|]T|) 



generalizing ref. ||33 



), and we expect (following refs. 
will restrict us to the moduli space of vacua of the 1+1 dimensional theory which is 
isomorphic to the moduli space of instantons. In other words, equations ( |3.18 ) are the 
ADHM data, and finishing the search for the gauge inequivalent vacua by setting the 
potential to zero and gauge fixing will compute a hyperKahler quotient for us. This makes 
contact with the fact |p5|| that the D5-branesllll are instantons in the D9-brane gauge fields, 
dual to heterotic instantons. 

This anticipation is correct. However, our studies in section 2 should suggest that some- 
thing is not quite right. Indeed, the D5-branes are correctly to be seen as instantons in 
the model, but they are not the only objects playing that role. As there are only 8 full 
instantons to be found in the D5-brane sector, the other 16 needed for a consistent K2> 



More precisely, a quartet of them[0]. See also section 2 in this paper. 
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compactification are to be found elsewhere: There is a single instanton living at the core 
of each fixed point of i?6789- 

So even in the complete absence of D5-branes, it must be that the Dl-brane probes should 
be able to detect instantons, by finding them in the moduli space of their world-sheet sigma 
model. In the model that we have above (eqn.( p?T7[) ), if we crudely mimic the absence of 
D5-branes by setting all of the 1-5, 5-5 and 9-5 fields to zero@, we are left with a trivial 
model with not enough structure to give us — after the hyperKahler quotient — anything 
other than either the trivial fiat space (over-endowed with a hyperKahler structure) when 
we are away from a fixed point, or the (resolved; see the next sub-subsection) ALE space. 

So somehow things need to be modified in order that the Dl-branes see an instanton hiding 
in the ALE space. This is our first puzzle. 

This is not unrelated to the apparent absence of a role for the 9-9 fields Y^^. If they are 
to be non-trivially involved, they must somehow enter the lagrangian in a (0, 4) respecting 
way. The only way to do so is to enter in equations of the form ( p.l6|) . However, an 
examination of the index structure shows that there is nothing for to couple to in 

order to enter consistently. 

Persevering, an examination of the supersymmetry transformations ( |3.15D which it 



must enter finds the source of the problem: As it stands the supersymmetry transforma- 
tions are of the form 1-9=1-5-5-9 or 1-5=1-5-5-5, showing the fusion of D1-, D5-, and D9- 
index structure. There is no way to form such an equation with this structure using Yj^"^ 
and the fields we already have: We need a 1-9 field with indices A' , M. This constitutes 
our second puzzle. 

If both problems find their solution in a common place it must be that something happens 
at the fixed points of -Rersg- This is precisely at the heart of the first problem, as we know 
that away from the fixed points, the system should be identical to that which has gone 
before [^,^ for the 1-5-9 system in fiat space. 



Turning therefore back to our computation of the spectrum of the 1-9 sector we see that 
there is indeed something extra at a fixed point. For a Dl-brane sitting at a fixed point, 
there is a wholly new sector of massless strings arising in the 1-9 sector. These new 
strings are special {c.f., section 3.1.3) in that they have their endpoints fixed in the a;6>7,8,9 
directions. 

As the literature does not seem to elaborate on such strings, let us be explicit in showing 
where they come from: It is analogous to the case of the extra massless 1-1 strings which 
arise when a Dl-brane alights upon a fixed point. First consider, in the covering space 
of the orbifold, the Dl-brane at some position X=Xo away from the fixed point which 
is (say) at X=0. The massless 1-9 strings arise entirely from strings beginning on the 



To be less crude, we would actually just send the masses of the 1-5 fields to infinity, telling us 
that the D5-branes are infinitely far away. 
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Dl-brane and ending on the nearby D9-branes (which are of course everywhere) at Xq. 
These strings will also contribute to the spectrum when the Dl-brane is at the fixed point, 
and are considered in section 3.1.3. 

There are however, 1-9 strings which stretch from the Dl-brane to the mirror image 
position on the D9-branes, — Xq (near the mirror partner of the Dl-brane, which is not 
relevant here). These are stretched, and do not contribute to the massless spectrum. On 
the orbifolded space, we must think of these strings as stretching from the Dl-brane at 
Xq to the fixed point X=0, and back to the vicinity of the Dl-brane. Although it is back 
where it started, due to the refiection, it is stretched to length 2Xo, and looped through 
the fixed point. The figure shows both points of view schematically (we have let the strings 
touch the D9-branes slightly away from the Dl-brane, for clarity): 

Dl Dl Dl 





As the Dl-brane approaches the fixed point, these looped strings become of zero length 
and therefore contribute to the massless spectrum in addition to the ordinary 1-9 strings. 
The crucial difference between these "twisted 1-9 strings" and the garden variety is that 
they are trapped at the fixed point i.e., in the x^'"^'^'^ directions. So instead of 8 DN 
coordinates, as computed previously in section 3.1.3, giving a zero point energy of 1/2, 
there are 4 DN coordinates (x^'^'"^'^) and 4 DD coordinates (x^'^'^'^), shifting the zero 
point energy to —1/2. Now we can excite massless states in both the NS and R sector, 
just as computed for the 1-5 sector previously^. 

In this way, we get three new fields for the 1-9 sector when we are at a fixed point: the 



Indeed, it is as if we have introduced a whole new type of five-brane which is trapped at the fixed 
point. We can think of this as an exphcit orbifold realization of the phenomenon of wrapping a 
D9-brane on K?> to get a five-brane. This new five-brane is different from ordinary D5-branes, 
though. It couples to the closed string twist fields, which is another reason why it is stuck at the 
fixed points. The cylinder and Mobius strip diagrams of refs.[|.l£] which have twisted sector fields 
propagating in the closed string channel, may be thought of as having these five-branes attached 
to their boundaries. 
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supermultiplet [p^ ^ , C-^); with supersymmetry transformations: 

= ^e^Br?^ (3.19) 
and the left mover C+^^ ■ is a D9-brane index.) 

This is precisely what we need to solve our problem. At a fixed point, we have in addition 
to the term in the Lagrangian involving , we have a term 

where 

Clf>=pl{YX^-hl5^\ (3.21) 

and 

= ryf^'clif , (3.22) 

which has a 1-9=1-9-9-9 structure matching the 1-5=1-5-5-5 structure of the second equa- 
tion in ( |3.15| ). We complete the modification of our Lagrangian by adding obvious terms 
involving to eqn.( p.l8|) . 



This modification has a number of virtues, in solving our problem: 

(i) '^t is the unique way that we can modify the 1-9 sector of the lagrangian and still keep 
the supersymmetry structure. 

(ii) We see how the fixed points break D1-D5 translational symmetry via the inclusion 
of the couplings (|3.21| ). With the couplings ( p.l6|) alone, there is translational symmetry 
which should only be appropriate away from the fixed points. 

(Hi) We see now that even in the absence of all D5-brane fields, the D9-branes supply 
couplings which satisfy the same form of (ADHM) specification (|3.18D that the D5-brane 



fields did. Therefore, the Dl-branes will correctly see instantons in the D9-branes, but 
only at the fixed points I 

Let us now return to our story. 

3.1.7 The Closed Strings 

No less crucial are the couplings which descend from the hypermultiplets fields arising 
in the closed string sector of the orbifold. There are twenty such four-component scalar 
couplings, four controlling the overall shape of the K2>, while the other sixteen are twisted 
sector fields, coming one per fixed point of -RersQ- 

A fixed point hypermultiplet's four components split into a triplet C of NS-NS fields 
which transform as a vector of the SU{2)ji group, plus a R-R scalar (p^^^ which is a 
singlet. As they are closed string fields, they have no group theory charges from the gauge 
symmetry (Dl), or global symmetry (D5, D9) carried by the branes. 
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They couple into the sigma model as follows. The potential for the 1-1 sector fields 
arises in an A/'=4 1+1 dimensional D-term. In accord with the fact that we have an 
SU{2)ji symmetry, we can write it in terms of a vector /j.. 

Using the notation presented in a similar context in ref. , the hypermultiplet field 
is explicitly related to the quaternion: 

which acted on by SU{2)l and SU{2)fi in the defining representation in the obvious way. 
We can then write the Lie algebra valued "moment map" vector as 



where 



■ I^JJS^']^ + *?JS^'|^}] (3.24) 



^]l={^h.-i^'i}) and vl>5t^ j^^i^^^itj (3 25) 

are the natural SU{2)ji doublets appearing in the quaternionic form ( |3.23|) . The three 
components, a"^ of S are the Pauli matrices acting on the SU{2)r doublet space. The Ay 
are generators of the gauge group under which the hypermultiplets are charged. 

This vector enters into the Lagrangian coupling to an auxiliary field D. The closed string 
fields C also couple to the D-auxiliary field, a term arising for each available U{1) factor of 
the gauge group. In this case, there is one such factor. After integrating D out, we learn 
that )U and C couple in Fayet-IUiopoulos fashion 



j dV(//^-C)', (3.26) 



where /i* means the restriction of /i in (|3.24| ) to the U{1) subgroup- The non-Abelian 
parts of jj. simply give D-terms with no FI term contributing0'0. These D-terms are also 
an important part of the hyperKahler quotient, of course and should not be ignored. 

Away from the fixed point, the gauge group is SO{N), and there is no such coupling 
allowed. This is perfectly acceptable because the closed string twisted sector fields are of 
course not present in this case. 

This coupling is intimately related to the mechanism which is responsible for breaking the 
C/(16)'s to 5'L''(16)'s (see ref. [|6|,|3^ ) . In the 5+1 dimensional theory, while the triplet C 
is involved in this FI term, the final member of the supermultiplet, (f)^^\ has Chern- 
Simons couplings to a six-form "anomaly polynomial" X^^\ producing a counterterm 



That such coupUngs appear in the physics of D-branes was demonstrated exphcitly in calculations 
in ref. 1 



See refs. [36,29] for more details of how the coupling works in this context of Dl-brane probes. 
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in the Lagrangian which aUows the anomalous U{1) to be canceled in a generalized [p7 



Green-Schwarz fashion. To complete the job, anomalous gauge transformations are given 
to (f)^^"^ which induce a mass term for the U{1), breaking U{16) to SU{16), in a manner 
generalizing the Dine-Seiberg-Witten p8[] mechanism. 



3.2. Probing with Dl-Branes: The Geometry 

3.2.1 Instantons, ALE Spaces, D-Flatness, HyperKahler Quotients and ADHM Data. 

At the end of the day, we discover the background fields that the Dl-brane probe sees by 
simply finding the moduli space of possible values which the fields can take, given that we 
must preserve (0, 4) supersymmetry. This moduli space of vacua, given by V=0, where 
V is the potential, should of course only include (world-sheet) gauge inequivalent field 
configurations, if we are not to over specify the problem. 

A shorthand phrase for this procedure is to perform the "hyperKahler quotient ||39|| " . In- 
deed, as first pointed out in refs. , the physics of D-branes as probes (with this 
amount of supersymmetry) is isomorphic to certain classic mathematical work by Atiyah, 
Drinfeld, Hitchin and Manin (ADHM)[^, by Kronheimer , and by Kronheimer and 



Nakajima[42 



This work is extremely relevant to us: 

(1) The ADHM construction of instantons essentially constructs the instanton connections 



as 



A^ = U^d^U, (3.27) 

where U is defined by 

V^U = 

(3.28) 

U^U = l2. 

The operator T) is constructedil out of what might be called the "ADHM data" , and when 
it obeys 

ptp = A®l2, (3.29) 

where A is an invertible Hermitian constant matrix, the field strength F^^, of A^ in ( |3.27| ) , 
is self-dual. {U and V have quaternion values, in the 2x2 defining representation of 
SU{2)ji, and II2 is the corresponding identity matrix.) 

These conditions translate directly into a series of equations for the ADHM data. These 
equations are precisely the equations ( |3.18| ) ensuring (0, 4) supersymmetry of our particular 
sigma model, ( p.l7|) . As first pointed out in ref.|3|], V=0 for the sigma model (and 
removing gauge redundancy) gives a space of solutions which is isomorphic to those of 
ADHM. 
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A most enlightening paper where much of this is made expHcit is ref. [43|. 
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In particular, restricting to the massless modes, one finds that the kinetic terms for the 



current algebra fermions are shifted to [pT 



/ dhY,Lx{ iS.jd. + d.b^A^,^) A, (3.30) 



where we have used the x^,x'^,x^,x^ spacetime index n on our 1-1 field b^^ instead of 
the indices [A, Y), for clarity. 

That the ADMH conditions are the conditions ( |3.18| ) on 5-5 and 9-5 fields (couplings here) 



was shown explicitly in ref. ||32 



(a) Kronheimer's construction of ALE instantons is also relevant to us. In ref.]^], it was 



shown that one can construct the ALE spaces using a hyperKahler quotient. The tech- 
nique shows how to construct the full family of spaces as functions of a set of deformation 
parameters {^}. When {C=0}? one has the singular spaces IR^/F, where F is any discrete 
subgroup of SU{2) while non-zero C gives their smooth deformations into ALE gravita- 
tional instantons. "ALE" means that they are flat at infinity, but not Euclidean, due to 
identifications by F at infinity. As F has an A-D-E classification[^, so does the family 
of ALE spaces [|5[ . 



In the case in hand, we have F={1, Rqis9}='^2j and the resolved space is called the Eguchi- 
HansonHH] space, controlled by a single deformation parameter a: 



Here, cr^ are the familiar 5'C/(2)/^-invariant one-forms of SU{2). The metric ( |3.31| ) is shown 
in terms of these to make its SU{2)fi invariance manifest. In Euler coordinates ((/>, ^, '0), 
we have: 

az = d^il) + cos ( 



o"„ = — cos "(hdO — sin ^ih sin 9d6 

(3.32) 

ffj; = sin i(;d6 — cos t/j sin C ' ' 



giving cr'^ + cTy = dO^ + sin^ OdclP' . 

It turns out that the physics of D-branes probing orbifold singularities IR^/F is isomorphic 
to Kronheimer's construction, as shown explicitly for the A-series in refs. [ ^|36[| and for 
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the D and E series in ref. [^^. The data specifying the quotient is phrased in terms of 
a "moment map" ^ and some parameters ^ (called the "level set"). In performing the 
hyperKahler quotient, the equation 

/i' - C=0 (3.33) 
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See also the appendix of ref. for the explicit example of the derivation of the metric (3.31) 
with this method. 
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must be satisfied. This is what we do (among other things, hke setting the other D- 
terms to zero) in setting V=0, when we recognize that one of the terms in V is given 
by the equation (|3.26| ). As mentioned in section 3.1.7, the moment map fi is simply a 
combination of 1-1 hypermultiplet fields 6"^^, while the deformation parameters ^ are the 
NS-NS blowup modes coming from the closed string twisted sectors. 

(Hi) Kronheimer and Nakajima constructed gauge instantons on the ALE spaces by com- 
bining the techniques mentioned above in (i) and (ii). The self dual connections A on the 
ALE space are constructed as 

= U^V^U, (3.34) 

where U satisfies similar equations as before in terms of an object V which this time 
contains both ADHM type data and moment map type datall. The conditions on V for 
self-duality are turn out to be of the same form as equations ( ^.18| ), but deformed by fj.. 



The rest of the hyperKahler quotient {V=0, etc) includes imposing the blowup condition 
( p.33| ) to make the ALE base space. 

In our case, the equations which we have written immediately before and after (and in- 
cluding) ( |3.17|) are for the situation where we are away from a fixed point. At a fixed 
point, we must use the additional multiplets and coupling for the 1-9 sector as discussed 
in section 3.1.6. The modified conditions for (0,4) supersymmetry are, in the basis we 
have chosen, of the same form as ( p.l8|) , but with extra terms added to include C\^i . The 



deformation parameter C=/^* is implicit, as /i is part of the potential for 6^^, given in 
terms of the C's. 

3.2.2 The Moduli Space of GP Models and Probe Models 

So far, we have constructed everything about the D-probe model at the highly symmetric 
point in the moduli space of GP models where we have gauge symmetry U{16)gxU{16)5 
gauge symmetry. This comes from having no Wilson lines for the D9-branes and all of 
the 32 D5-branes on one fixed point. This gauge symmetry acts as a global symmetry 
of the l-f-l dimensional probe model, as the all of the fields (except the 1-1 fields) are 
charged under it, and all of the important couplings (except those descending from the 
closed string sector) as well. 

There is a whole family of models in the GP class, and hence by extension, a whole 
family of D-probe models. In general, there can be an even number of D5-branes at any 
fixed point. For mj such pairs at the Jth fixed point, there is enhanced gauge symmetry 
U{mi)^ contributed to the gauge group. There are two 5-5 hypermultiplets in the 
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The "covariant" derivative V used in ( p.34| ) is defined with a certain connection which is an 
Abehan connection on the "tautological bundle" on the ALE space. Simply put, the "tautological 
bundle" is a certain bundle on an ALE space which comes essentially for free. See point (iv) 
below, for ^"^'s crucial role in the context of this paper. 
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^mi(m.i — 1) dimensional antisymmetric representation, and a 9-5 hypermultiplet hf^^ 
in the (16, mj). 

For n'j D5-branes at a non fixed point J, the gauge group is USp{2n'j), where n'j must 
be a multiple of four, the basic dynamical unit away from a fixed point. There is a 5-5 
hyper in the ^nj(nj — 1) antisymmetric representation and a 9-5 hyper hf^^ in the 

(16, n'j). This is as it should be for type IB D5-branes in open space, where they should 
behave like small Spin{?>2) /7L2 instantons[^ . 



The pattern just described is refiected in the structure of the patterns of breaking which 
can occur with D9-brane Wilson lines, and therefore the possible spectrum of gauge groups 
and hypermultiplets in the 9-9 sector is identical. 

This structure is inherited by the 1+1 dimensional probe model, the 1-9 fields \^ , ^ , 
and C±'^5 cind 1-5 fields (f)"^ and Xi™': cill tranform in the fundamentals of the relevant 
gauge groups. The 9-9, 9-5 and 5-5 couplings are the hypermultiplets with charges given 
above. 

So we see that the various branches of the moduli space includes the physics which we 
expected to see: 

(a) D5-branes are instantons in the D9-brane gauge fields. Away from the fixed points 
(where 4 D5-branes make a single instanton), the physics is simply that of Spin{32)/'Z2 
instantons, as pointed out in ref. [^. The expectation values of the 9-5 fields control the 
overall size of the instanton and when their expectation values are zero we have enhanced 
gauage symmetry USp{2)^SU{2) for each isolated single instanton and USp{2k) when k 
of them are coincident. Here k is 8, at most because the 32 D5-branes are forced to move 
in groups of four, as can be deduced from the allowed pattern of Higgs-ing in the 5+1 
dimensional model, which translates into an R-symmetry restriction in the sigma model 
here. 

(h) On the fixed points, D5-branes are also instantons, but are now instantons on the 
resolved space. The small instanton limit there gives enhanced gauge symmetry U{k) for k 
coincident iiaif^instantons (two D5-branes) on the fixed point. 

Note however that: 

(cjln the absence of D5-branes in the vicinity, and we are just probing the fixed point, our 
ADHM instanton data is not nearly as complicated as that which specifies the instantons 
which D5-branes construct. This is because of the absence of an analogue of the 9-5 
hypermultiplet fields hj^^. The vacuum expectation values of the h control the size of 
the non-Abelian D5-brane instantons. At the fixed point, when we the 1-9 fields (p, Q 
and their couplings in the sigma model, there is no analogue of the h fields to give a size 
modulus to whatever instantons the Dl-branes will see coming purely from the D9-branes 
and the fixed point. So those instantons will be of a special type, geometrically, having no 
size deformation. 
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(d) These special instantons will have no size deformations. More correctly, they will have 
no size parameter independently of the geometry of the resolved fixed point. In other 
words, their size is set by the same parameter which sets the size of the blowup (see next 
section). Intuitively, this singles out an (essentially) unique family of instantons associated 
to the class of spaces which the fixed points resolve to. These "ALE" spaces all possess, due 
to purely geometrical considerations, a U{1) monopole connection which is naturally 
associated to the spaceiH. is essentially a monopole field, which is to say that it is an 
Abelian instanton. In the case (most relevant here) of the Eguchi-Hanson space (|3.31| ) , to 
which our fixed points resolve, the U{1) instanton connection is 
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n2 

= — -{dij + cose d(j)). (3.35) 



We see that the single parameter a controls the size of the Eguchi-Hanson space ( |3.31J ) 
and the (trivial) scale of the Abelian instanton (|3.35| ). This is awfully similar to what we 
expect from the above comments (c) about the instanton which the Dl-branes should see 
living on the fixed point, and in the absence of D5-branes. 

Intuitively, this is clearly the instanton we wantil. What we have done by discovering the 
required form of the sigma model at the fixed point, is to take the Abelian instanton — 
which is guaranteed to be present for geometrical reasons — and embed it into the D9- 
brane gauge group. That final step of embedding this instanton, which is otherwise just 



25 



They are connections on the "tautological bundle" over the ALE space X. The first Chern class 
of their field strengths F decomposes under V into a basis for the H^{X, M) cohomology of ALE 
spaces, and the resulting intersection matrix turns out to be isomorphic to the adjacency matrix 
of the familiar A-D-E Dynkin diagrams. This in turn defines a family of intersecting two-spheres 
which is the minimal resolution of the orbifold singularity. But this is one beautiful story we must 
regretfully neglect to tell in full. 

Mathematically, a proof must work as follows: In order to show that in the absence of 5-9 type 
couplings, the resulting instantons are simply the canonical Abelian ones, it must be that the 
matrix U in eqn.( |3.34 ) turns out to be a constant. Then the solution A=A^ results, given 



the form of the covariant derivative \/=d+A'^ . After consulting [42|, one sees that the 9-9 
hypermultiplets are valued in the endomorphisms End{W) of a certain vector space W, while the 
5-9 hypermultiplets are in the homomorphisms Hom{V, W) from W to another vector space V. 
Roughly, the operator turns out to be a special map between spaces further defined by taking 
certain combinations of W, V and T, the tautological bundle. If [/ is a constant it must mean 
(given ( |3.28[ )) that the kernel of the operator D^, acting as a map, is trivial. When there is no 
involvement of the 5-9 fields (and hence no involvement of structures in Hom{V, W)), it must be 
that the structure of the linear maps that T>^ represents simplifies considerably, resulting in the 
required simple result for U. The resulting moduli of the reulting instantons must have dimension 
zero. It would be interesting to complete that proof. 
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surplus to requirements, is not gauranteed at the outset: we have to actually perform it in 
constructing the consistent theoryS. We did so by allowing the 9-9 fields to communicate 
properly to the 1-1 sector via the new 1-9 fields we discovered. 

Hence, we have made contact with section 4.1 of ref.[0. In the orbifold limit, as we circum- 
navigate the fixed points we know that the 1-9 fields undergo a monodromy represented 
by a 32x32 matrix M given by 

M=(5 (3.36) 

where / is the 16x16 identity matrix. This is inherited directly from the choices made 
in ref.0. Normalizing the Abelian instanton such that its monodromy about infinity 
matches M, gives it 5'pm(32)/^2 instanton number 1, and ensures that it is an instanton 
without "vector structure", which is to say that it does not obey Dirac quantization in 
vector representations of S'0(32). 

The surviving subgroup of Spin{^2) /%2 after this embedding is the t/(16) which we know 
that we have from the outset. We have therefore seen from the worldsheet point of view 
just how the Dl-branes see the embedding of the Abelian instanton into the parent gauge 
group. 

3.2.3 The Special Point 

As mentioned and studied considerably in section 2, there is a certain special point in the 
moduli space of GP models which is of great interest. By extension, this point will also 
define a special 1+1 dimensional sigma model in the class we have built here. 

This special point is the placement of two D5-branes on each of the sixteen fixed points in 
the orbifold K3. The model is connected to the situation where there is no gauge group. 
Considering the six dimensional anomaly equation: 

UH -nv = 244 + 29nT, (3.37) 

where nn^nv and ut represent the number of hyper-, vector- and tensor- multiplets, 
respectively, this means that there are 244 hypermultiplets from the open and closed string 
sectors, as there are no extra tensor multiplets in the spectrum beyond the standard one 
on the supergravity multipletil. 

Let us see how the various hypermultiplet contributions arise at this special point. Placing 
a single D5-brane pair at each of the sixteen fixed points (and turning on appropriate 
Wilson lines on the torus) we obtain gauge group U xU . At this stage nv'=32 



Contrast this with the case of the type II theories {e.g. ref. [29| in the same situation where the 
Abelian connections on the ALE spaces are certainly there, but play no role in a stringy gauge 
bundle. 



See, however refs.|16|Jl?|] for orientifold models similar to the GP models which have extra tensors. 
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and therefore nH=276. By examining the details of the GP spectrum given in section 3.2.2, 
we see that there are no 5-5 or 9-9 fields remaining, but there are 16 5-9 fields coming 
from each of the sixteen fixed points making 256 9-5 fields. The remaining 20 are the 
K?> deformation hypermultiplets from the closed string sector, 16 of them coming from 
the fixed points as twisted sector fields. As pointed out in ref.0, 16 of the C/(l)'s give 
rise to anomalies which are canceled at one loop by a generalization of the Green-Schwarz 
mechanism[0 which simultaneously lifts the gauge symmetries by a generalization of the 
Dine-Seiberg-Witten mechanism|^^. 16 R-R components of the closed string twist fields 
are involved in this process, their 16 NS-NS triplet partners, remaining to control the 
blowup of the -ftTS, as discussed in sections 3.1.7 and 3.2.1. Giving vacuum expectation 
values to these will therefore remove the 16 anomalous C/(l)'s. The remaining 16 [/(l)'s 
can be Higgsed away, using up a 9-5 field at each fixed pointHl. 

In the end, therefore, we see that the 244 hypermultiplets of the spectrum of the special 
GP point are made up of 4 closed string hypers, controlling the global geometry of the 
K?>, and 15 9-5 fields coming from each fixed point. (The size of the vacuum expectation 
values of the 16 closed string twist fields are still adjustable in order to control the 
shape, of course.) These open string hypermultiplets are also pure geometry: They are 
coordinates on the Higgs branch (of the six dimensional field theory) of the SO{?>2) (half-) 
instanton moduli space, representing the deformations away from the zero size limit. As 
there are no 5-5 fields remaining, there is no branch representing the motion of the point- 
like half-instantons; they are stuck on the fixed points and all they can do is grow and 
shrink. There are no moduli for the Abelian instanton of the 9-9 sector living at the fixed 
point, as we have seen explicitly from equations ( p.31| ) and ( p.35|) , and the discussion in 
section 3.2.2. 

This is also confirmed by the index theorem computations in ref.0, where it was com- 
puted that on the manifold K'i, the dimension of the moduli space M.k of k Spin{?)2) 
instantons which break the gauge group completely, with corrections included to take into 
account the possibility of fractional instantons, is 

dimA^fc = 120(A; - 1). (3.38) 

From this, ref.[0 saw that for /c=l, the case of the instanton inherent to the fixed point, 
we get the answer zero, confirming that there are no moduli for that instanton. 

Here, we see that this formula confirms everything else we have said above, since with 
the half-instanton included, we have 3/2 of an instanton at each point. Putting this 
into the formula, we get that there is a 60 dimensional moduli space associated with this 
point. Dividing by four to get the amount of hypermultiplets, this corresponds to the 15 
hypermultiplets which we found above. 
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In the T6789-model, the 5-5 f/(l)'s are Higgs'd and the 9-9 C/(l)'s are Dine-Seiberg-Witten'd. 
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In this way, we understand — from many complementary points of view — just what the 
one dimensional probe of N coincident Dl-branes sees as it moves around the interior of 
the K3 of our compactification. In particular, there is 3/2 of an instanton stuck at each 
fixed point of the orbifold K3. 

3.3. Probing with DO-branes and D5-branes. 

3.3.1 DO-brane probes 

Now we are in a position to consider the N DO-brane probe 0+1 dimensional theory. 
There is not much to do, in terms of constructing a Lagrangian, as it is obtained by simply 
dimensionally reducing the one we have constructed in the previous subsection. 

Thinking of this dimensional reduction as being performed on the circle, we must take 
into account the possibility of introducing Wilson lines for the gauge field in the process. 
This results in an extra massless parameter in the quantum mechanics representing 
the position of the DO-branes along the dual direction, which is the line interval X. 
Simultaneously, from the point of view of the D9- and D5-branes' six dimensional gauge 
fields, there is a reduction to five dimensions with a Wilson line. 

For the D9-branes, the particular Wilson line we are interested in is the one which places 
the resulting D8-branes (in the type IIA picture) symmetrically at the ends of the inter- 
val X. Meanwhile, for the D5-branes, we choose Wilson lines which place the 32 D4-branes 
in the configuration discussed in section 2.3.2. The N DO-brane probe therefore sees 1 D4- 
brane plus 1 04~plane at each fixed point of the KS at each end of the interval, equivalent 
to 3/4 of an instanton. 

(Perhaps less confusingly, we can equivalently think of this as the same K3 as in the 
type IB model, but now every point on it has the content of a line interval I. In this way, 
we see that there is still the 3/2 instanton at each fixed point, but it further subdivided 
into two parts placed at each end of X.) 

3.3.2 D5-brane probes 

A six dimensional field theory may be obtained from our 1+1 dimensional probe models 
by T6789-duality. This turns our family of coincident Dl-brane probes into a family 
of N coincident D5'-brane probes, in the notation of section 2 (see Table 2). They are 
wrapped around the K3 of type IB, and give rise to a dual family of Dl-brane probes. By 
the self-duality of the model, these dual Dl-probes have the same physics of the Dl-brane 
probes we discussed in section 3.1 and 3.2. They inherited this physics from the wrapping 
of the D5'-branes, and hence we indirectly know some of the physics of the compactified 
N D5'-branes. 

We can say a few things directly about the 5+1 dimensional world- volume theory of the 
wrapped branes which will be useful in a later discussion. 
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The background D5- and D9-branes produce the same family of global symmetries as they 
did in the 1+1 dimensional model, supplying charges for the 5'-5 and 5'-9 fields. The 5-5, 
9-9 and 5-9 fields enter again as parameters. 

We have the usual Af=l supersymmetric Yang-Mills terms in the Lagrangian, in terms 
of gauge potential A^, arising in the 5'-5' sector from (a;*^, x^, a;^, x^, x^, x^) excitations, 
and hypermultiplets coming from the 5'-5' sector with excitations in the (x^, x^, x^, x^) 
directions. The gauge group is U{N), the same as for the 1+1 dimensional model at a fixed 
point. To get the sector where it is SO{N), we simply introduce the Wilson lines which 
are dual to moving the Dl-brane probes away from them as described in subsection 3.2. 

Crucially, we also have terms of the form 



Ai5 



j d% H^^^ ■ H^^^ + A^^'> A{RAR + FAF), (3.39) 



where R is the Ricci two-form of K3 and F is the field strength of the gauge field 
(;U={0, 5, 6, 7, 8, 9}) . H(^^ is the field strength of the R-R potential A^^^ (to which the 
D5-branes couple "electrically" with charge /is) and A^"^^ is its ten dimensional dual. 

Satisfying the resulting field equations requires that due to the presence of the 16 sources 
of curvature {K3^s fixed points), we have to have 16 gauge instanton sources. These are 
of course, string-like objects in the world volume theory, which are known to be Dl- 
branes|]33[], objects which are sources of 



We can say precisely what the nature of these 16 Dl-branes living in the D5-branes 
must be. First of all, they are identical in structure, as the 16 fixed points are all of the 
same type. They are necessarily transverse to the K3 (and hence the coordinates where 
the gauge instanton they carry is located), which puts them in the (x°,x^) directions. 
Furthermore, they must have precisely the same global symmetries on their world-sheet 
action as the D5-branes' world-volume possesses. This identifies them with exactly the 
family of Dl-branes we studied in sections 3.1 and 3.2. 

The crucial lesson of this discussion, which we will revisit later on, is as follows: There is a 
moduli space of K3 compactifications of the 5+1 dimensional theory associated with the 
D5'-branes, which encodes the data of the Tgrgg-dual K3 compactification of the type IB 
theory. We start with D5'-branes in fiat space, which has a U{N) gauge symmetry and 
a Spin{32) /^2 global symmetry. We then compactify them on a K3. The data associated 
to compactifying type IB on the dual K3 is encoded in the world-volume theory by the 
patterns of breakings of the global symmetry and the pattern of induced couplings which 
arise. A family of stringy states are seen to exist in the model. The family of strings which 
can arise is also parameterized by the patterns of breakings of the global symmetries, 
and the couplings which can arise in the 1+1 dimensional world-sheet theory. We have 
characterized such string sigma models in sections 3.1 and 3.2. 
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4. Some (Partial) Matrix Theory Proposals 



We are now in a position to suggest a role for tlie D-brane ttieories we tiave been discussing 
in the context of Matrix theory. Let us do this step by step: 

4.1. Matrix Theory of M-theory on XxX. 

The 1+1 dimensional models which we constructed in section 3 can be used as the starting 
point for a definition of a matrix theory representation of M-theory compactified on the 
Eguchi-Hanson space X times a line interval X5, of length L^. By equations ( p.5|) and ( |2.6|) , 
we can deduce precisely what string theory lengths, Lj^ and Ljg, we must use to define 
the model. In particular, the model is should be defined by placing our 1+1 dimensional 
model — at the special point — on a circle of radius Ljg and taking the large limit. As 
is correlated (by Ts-duality) to DO-brane number, we expect that this model — when 
accompanied by the large Aia=-Rm metric) limit — should give a matrix theory 

definition of the compact ificat ion in the infinite momentum frame. We expect that the 
problems noticed at finite for Matrix theories on such surfaces in ref. will disappear 



at large N, as suggested for example in ref. [@ . This expectation should be accompanied by 



some hope also, as the physics is rather less constrained by supersymmetry than before |T 
we only have eight supercharges. 

4.2. Matrix Theory of the EgxEs Heterotic String on Xxl. 

One interesting limit of the previous compactification is of course the L^— >0 limit where 
we should recover the -Es x Es heterotic string compactified on the Eguchi-Hanson space X, 
with 3/2 of an i?8 instantonc2l. 

In the context of our matrix model, this limit is defined by starting with the large (A^, -R^ ) 
limit of our 1+1 dimensional model — at the special point — of section 3. It is the 
decompactified limit of the model above, referring to the base space where the 1+1 
dimensional theory lives. It is natural to infer therefore that the 1+1 dimensional model 
fiows in this limit (which is its IR limit) to a conformal field theory of the heterotic string 
on X, thus realizing the duality of the M-theory configuration to the heterotic one as a 
fiowtil. This would be a complicated example of the work of Motl[0, and of Banks and 
Seiberg[^, and of Dijkgraaf, Verlinde and Verlinde ||28|| . There a "matrix string theory" of 



the light cone type IIA string was recovered from Matrix theory as a fiow to an Sn orbifold 
conformal field theory from a 1+1 dimensional model arising essentially from a collection 



Matrix theories of Es instantons have been presented in the Hterature lately] 4S], in work indepen- 
dent of the present paper. 

The issue of reaUzing duality as a flow from D-brane world volume theories was discussed a while 



ago in the final section of ref. |2S]. 
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of Dl-brane probes' common world- volume. In that case, with Dl-branes in flat space, 
the moduli space (and hence the target space of the sigma model) was (JR^)^ /Sn (where 
Sn is the group of permutations of objects), which ultimately defined the conformal 
field theory. (The uncompactified heterotic matrix theory was studied in refs.[p2|, and 
some heterotic toroidal compactifications in refs.fS^,^.) In this case, the moduli space of 
the N Dl-brane system needs to be carefully examined (we have not done it fully here) 
to discover the precise nature of the conformal field theory this new matrix string theory 
realizes. On general grounds, with everything above as motivation, we expect of course to 
define the EgxE^ heterotic string on XxX in this way. 

4.3. Matrix Theory of M-theory on K3xl and its Heterotic Limits. 

Next, we come to ask about the definition of M-theory on K3xX. Restricting ourselves 
to the point we know best — the special point — we can anticipate that a six dimensional 
theory with (1,0) supersymmetry is involved in defining this model. 

At least part of this theory is motivated in terms of the world volume theory of D5'- 
branes compactified on K3xSl, along the lines described in section 3.3.2. This probe 
theory should have some interesting properties, and cannot be the naive super Yang-Mills 
theory, for the same reasons as discussed in refs. [1l4| , p!5| , p5| in the case of the (0, 2) situation. 

What properties must we require this compactified (0, 1) theory to have? One of the 
motivations of this paper is to point out that at least at a special point in moduli space, 
the theory must reproduce the special duality properties of the DMW point: There should 
be dual realizations of the -E^X-Es heterotic string theory compactified on K3 with the 
(12,12) arrangement of instantong^. 

This works as follows: Heterotic/heterotic duality has its M-theory origins in terms of 
electromagnetic duality exchanging M2- and M5-branes, as first suggested in ref.|^ and 

A crucial phenomenon we observe here is the fact that the strong coupUng limit of going to M- 
theory mixes up the role of the various hypermultiplets in our spectrum in a way which would 
not have been consistent with string theory if we had remained at weak coupling. As pointed out 
last section, of the 244 hypermultiplets not involved in removing various ?7(l)'s, 4 of them are 
closed string fields, and the rest are 16 copies of 15 (5-9) open string fields, associated to the 3/2 
instantons at each fixed point. By the time we get to M-theory on KSxI^, we have (of course) 
the same number of hypermultiplets, but their origin is different. 112 hypermultiplets come from 
placing 12 Es instantons on the K3 and breaking the Es gauge symmetry associated with the end 
of the interval completely, and another 112 from the other end of the interval. The remaining 20 
hypermultiplets come from the family of K3 deformations. So we see that at each fixed point, a 
5-9 field becomes associated at strong coupling with a deformation of K3, while the other 14 are 
the 224/16 Eg instanton deformations. 
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made explicit in the present paper. In sections 2.6 and 2.7, we showed how to reduce the 
problem of studying the details of heterotic/heterotic duality in M-theory to one of study- 
ing T-duality in the type lA model, and a related T-duality in the type IB model, where 
in that context its relevance was shown in ref. [Q. So the existence of heterotic/heterotic 
duality is guaranteed by the existence of a T456789-duality property which exchanges the 
two type lA models (realizing electric-magnetic duality in M-theory), and hence by a 
26789^duality which exchanges the two type IB models. 

This translates therefore in this matrix theory context to the statement that (at this 
special point) heterotic/heterotic duality is ensured by asking that the compactified (0, 1) 
six dimensional theory has as a basic property a Tgygg-duality symmetry, giving us the 
same theory back. (In this limit where we are studying everything explicitly as orbifolds, 
such a duality on the base space makes the usual good sense. Beyond the orbifold limit, 
it is not clear what to do.) 



This property, as stressed by Seiberg[0, rules out the (0, 1) fixed point field theories as 
candidates, and rules in the "little" string theories as possible candidates for our matrix 
definition. This is encouraging, as we saw in section 3.3.2 that we identified excitations 
in the compactified model which was a particular family of stringy instantons. We also 
deduced that part of their definition was given by the 1+1 dimensional sigma model of 
earlier subsections. 

The 1+1 dimensional sigma model will play two crucial roles in this situation then. Most 
naturally, it will flow to a conformal fleld theory and deflne the heterotic matrix theory of 
the EgxEs heterotic string compactifled on XxX, as described in section 4.2. Alternatively 
however, there is a limit where the model flows to a point where gravity decouples, deflning 
a matrix theory of a "little EgxEs heterotic string" in six dimensions, compactifled on the 
base space KdxS^. Such a dual role flts all of the data and is conceptually satisfying. 

In addition to seeing the stringy excitations of the compactifled little string model, we also 
saw (in section 3.3.2) clues about exactly what it means to compactify such a theory on 
K3xSl for the purposes of our deflnition. We saw that the moduli space of compactiflca- 
tions of the D5'-brane theory encodes the moduli space of choices to be made about the 
arrangements of D5-branes and D9-branes in the GP models, which is a particular case of 
constructing a dual heterotic compactiflcation: This amounts to choosing the gauge bun- 
dle and instantons carefully in the presence of the K3, breaking the Spin{32)/'Z2 gauge 
symmetry accordingly, as described in great detail earlier. From the point of view of the 
little string theory, we are making the same choices about breaking a Spin{2>2) /7L2 global 
symmetry. This seems at odds with the fact that we concluded that we had the EgxEg 
little string theory earlier, but recall that precisely at this special point in moduli space, 
the "big" Spin{32)/'Z2 and EgxEg heterotic strings are Ts-dual. That Ts-duality must 
be inherited by the compactifled little string theories as well, and is another requirement 
for our compactifled (0, 1) theory. 
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So in short, we see that the moduh space of compact ificat ions of the httle heterotic string 
theory is indeed just that which we want, in order to reproduce the physics of the com- 
pactified (big) heterotic string at the special DMW point. 



5. Beyond the Special Point 

As the theory at the special point is defined in terms of D5-branes of type IB, we have 
implicitly made a statement about the (0,1) theory associated to the Spin{32)/'E2 global 
symmetry and its compactifications. This is strengthened by the fact that strong/weak 
coupling duality takes us directly to a family of N Spin{32)/'E2 heterotic fivebranes, mak- 
ing direct contact with the construction of Seiberg[^. It so happens that the particular 
point in moduli space we have studied has an accidental Ts-duality symmetry to a similarly 
compactified EgxEg little string theory. Away from the special point however, one expects 
that it is the latter which will define the full moduli space of EgxEg, heterotic string K3 
compactificationJH, although the details of the prescription are harder to motivate. This 
is because we no longer have the luxury of a complete D-brane construction to help us 
build sigma models for study, and we also do not have as much control over the properties 
of K3 away from the orbifold limits. 

However, it is a highly suggestive that such a definition may not be far from the mark. 
If correct, we would also gain a definition of the SO{32) heterotic string on K3 with the 
standard embedding, as this is the (16,8) EgxEg model|l56[|. 



6. Discussion and Conclusion 
6.1. Summary 

This paper was divided into two main parts. First, we did a thorough examination of some 
of the properties of the heterotic/heterotic duality of ref. This was made possible by 
the fact that it has a realization as a type IB orientifold modelQ, as pointed out in ref. 0. 

We exploited this fact by turning this orientifold definition into a type lA one, and noticed 
that precisely at the point of interest, we can take the limit where the model becomes 
an M-theory compactification, and from there made contact again with the heterotic 
model. Along the way, we sharpened our understanding of the heterotic/heterotic dual 
phenomenon and its links to M-theory's electric-magnetic duality properties. 
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Some alternative comments about the matrix theory for the full moduh space of the heterotic 



string on K3 are made in the conclusions of ref. |54]. I am grateful to S. Govindarajan for pointing 
this out. 



47 



Such an exploration is interesting in its own right and we could have stopped there, but 
we went further to the second half of the paper. Given that we have a family of orientifold 
models which connects so nicely the heterotic string on K3 to M-theory, on one hand, 
and to type I theory on the other, it is natural to see whether we might make some 
headway in defining what the nature of a Matrix theory representation of this M-theory 
compactification might be. Indeed, if we cannot say anything else about the theory (due to 
its admittedly low amount of supersymmetry, and its points of spacetime curvature which 
make D-brane matrix definitions problematic, at least at finite |^^) we can at least try 
to constrain its properties by requiring it to reproduce some of the intricate properties of 
the heterotic/heterotic situation. 

This is what we set out to do in the second half of the paper. Along the way, we derived 
a number of interesting observations which have wider application. The 1+1 dimensional 
probe model of the Dl-branes moving in the orientifold model background was particularly 
interesting, generalizing the work of refs. []31| , |3^ , p2| to situations where the gauge bundles 
of the heterotic compactification are of just the right type to realize the DMW duality. 

Now holding some definite models with which to make a Matrix theory proposal, we went 
on to discuss the properties of the various matrix models which would define the various 
parts of the theory. We completed the proposal with the conclusion that the central role 
is played by the "little heterotic string theories" , where we can (at the special point) make 
a precise statement about the nature of the base space we are to compactify them on, 
and the identification of the moduli space of those compactifications with those of the 
usual, "big" heterotic strings. It is natural to suppose that away from the special point, 
the compactified (0,1) little string theories should be used to define the matrix theory 
representations of the wider class of heterotic compactifications too, although there is less 
evidence to support this conjecture. 



6. 2. New Directions 

There is a wealth of interesting issues uncovered here. In particular, more study of the 1+1 
dimensional model presented here should be carried out. Part of the moduli space theory 
contains the physics of Eg, instantons on the Eguchi-Hanson space, which is interesting in 
its own right. Furthermore, the model can be used to define (by RG flow) an interesting 
conformal field theory of the matrix heterotic string in such a background, and the details 
of the moduli space needs to be pinned down in order to identify correctly the properties 
of the candidate conformal field theory. Ultimately, deformation of the conformal field 
theory should help construct (by analogy with refs.[|5^,[|28[)) the full string field theory 
perturbation series for heterotic strings in that background. 

In another limit this 1+1 model will actually flow to the little heterotic string itself. 
This is a more careful limit where gravity decouples, and the resulting string is forced to 
live in the six dimensional situation described above, now compactified on KdxS^. The 
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determination of the moduli space of the model will be important for this application too. 
We have only completed a partial study in this paper. 

It is interesting to consider also the case of other orientifold models. Generically, most such 
models will not satisfy our criteria of section 2.3.2 for being able to be taken properly to M- 
theory0 There is at least one example of a model which passes the test. The "S^" model 
of ref.[|TB[ has an arrangement of D4-branes which allows complete local cancellation of 



dilaton charge, thereby promising an interesting dual realization. A particularly interesting 
property of that model is the fact that it has nT—4:', there are four extra tensor multiplets 
in the spectrum. As pointed out in ref. there is strong evidence that it is related to 
the (10, 10) +4 M-theory K3mxI compactification, having four M5-branes in the interior 
of X. (It was also arguedlH in ref. to be a limit of F-theory on a Calabi-Yau manifold 
with Hodge numbers (127,7), which has since been shown to be true[|5^.) Such a model is 
therefore not completely to be understood as a heterotic string compactification. Because 
of its special properties as an orientifold model however, and in the light of this paper, 
it might be used as a test-bed for a matrix theory representation of the (10, 10) + 4 M- 
theory compactification. Much the same procedures as carried out in this paper would be 
relevant to such a study. An obvious guess at the result would be that the -EgxE'g little 
string theory should be compactified on an appropriate dual surface (which is meaningful 
because in that model K3 is realized as a ^4 orbifold of a torus) with some extra features 
to give the four extra fivebranes. Presumably these features involve tuning four of the 24 
Es constituent instantons such that they move out onto the branch of their moduli space 
where a tensor arises in exchange for 29 hypermultiplets. 

There are many avenues of interest to pursue using the constructions of this paper as a 
starting point. Hopefully such further research will help to further clarify the properties 
of Matrix theory and the little string theories. 



I am grateful to R. C. Myers for discussions on the interesting issue of whether there are other 
ways of controlling the limit of six dimensional type lA orientifold models in such a way as to get 
M-theory configurations. 

In that paper, similar statements also were made for the 'Zjq orientifold model of ref. [16|. This 
has since been shown by E. Gimon[58| to be incorrect. It is not possible to arrange the D5-branes 
in the way suggested there in order to cancel the dilaton charges locally, and therefore more care 
is needed with this model. 
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